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RECURSIVE APPROACHES FOR SINGLE SAMPLE PATH BASED

MARKOV REWARD PROCESSES

Hai-Tao Fang, Han-Fu Chen and Xi-Ren Cao

ABSTRACT

In this paper, two single sample path-based recursive approaches for
Markov decision problems are proposed. One is based on the simultaneous
perturbation approach and can be applied to the general state problem, but its
convergence rateislow. Inthisalgorithm, the small perturbation on current
parameters is necessary to get another sample path for comparison, but it may
worsen the system. Hence, we introduce another approach, which directly
estimates the gradient of the performance for optimization by “potential”
theory. Thisalgorithm, however, islimited to finite state space systems, but
its convergence speed ishigher than thefirst one. The estimate for gradient can
be obtained by using the sample path with current parameters without any
perturbation. This approach is more acceptable for practical applications.

KeyWords: Markov decision processes, stochastic approximation, potential,

recursive approach.

INTRODUCTION

The Markov decision processes (MDP) and the asso-
ciated dynamic programming (DP) ([1,10]) methodol ogy
provide a general framework for posing and analyzing
problems of sequential decision making under uncertainty.
But there are two main difficulties associated with the
standard DP approach:

1. “Curse of dimensionality”. For the case that the state
space is very large (or infinite), the computational
reguirements are overwhelming, if not impossible.

2. It requiresthe exact knowledge of the transition matrix,
which may not be available for practical systems.

To solve the problems above, the single sample path
based optimization techniques are good way for real
systems. Many single sample path-based optimization
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approaches proposed in literature (e.g. [3,7] and [9]),
including those based on perturbation analysis(PA) of
discrete event systems, apply mainly to performance opti-
mization with respect to continuous parameters. In this
paper, we also concentrate on methods based on policy
parameterization and gradient improvement.

Two recursive algorithms in this paper are proposed
based on classical stochastic approximation methods: KW
agorithm and RM algorithm. Since the dimension of the
parameter is always very high, the one-sided randomized
differences[12] are used for the KW agorithm. Thisalgo-
rithm can be applied to the general state problem, and the
required conditions for its convergence are relatively
weak. Inthismethod the differenceis applied to estimate
differential. But thisis not a good estimation and leads
to asignificant loss in convergence rate (from O(n™?) to
O(n™3)) in comparison with the case where a better esti-
mate for differential isapplied. For the denumber Markov
chain, the gradient can be estimated directly by using
“potential” givenin [2]. Thismethod isused and referred
as the second algorithm in this paper.

The similar ideacan befoundin[7], where, however
the estimate for the gradient of the performanceisgiven by
important sampling, so the transition probability of the
Markov chain p;(6) for al 8 in decision space must be
uniformly bounded away from O, if itisnot 0. Thiscon-
dition seems too restrict for many applications.

We state our main results in Section 2, and their
proofs are given in Section 3. Section 4 gives some con-
clusions and remarks.
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II. MAIN RESULTS

We consider acontrolled Markov chain{x},n=0, 1,
...}, evolving on state space S, with Borel o—algebraB(S).
The state space Sistaken to be general, locally compact
and separable metric space. The transition probabilities
of the Markov chain {x?} depend on a parameter vector
6 0 IRY, and denoted by

P(,x,A)=P{x’ 0 A

Xg—l =X, H}

forany AOB(S)andx O S.

Whenever the state is equal to x, we receive a on-
stage reward that also depends on 6, and is denoted by
f(x, 6).

For any 6 0 IR?, we assume that

C1) {x%} isirreducible.

C2) {x%} isHarris positive recurrent, i.e., there exists a
positive, finite, invariant measure L, such that for any
Awith tg(A) >0andforal xO S

o3 1) .

C3) uyisaprobability measure, i.e., uy(S) =1 and f(x, 6)
O L3(ka).

C4) There exists astate a 0 Ssuch that for any 8 0 IR
and X0 S P{T(6) <o} =1, where T(6) = inf{t >
0,x’ = a}.

Remark 1. If Sis of finite state and {x°} isirreducible,
then any state of Scan betaken as a in C4) and C1)-C4)
hold.

We have that the average reward of the sample path

T-1
%EO f(Xp 6)_—_E f(x, ) A 11(6), P,—as

for any probability measure v., i.e, itisthe samefor almost
all paths. Thus we can use n(6) as the performance
measure to compare different policies.

The single sample path based optimizationisto find
the optimal 6,i.e. 8°=arg minyge N(6), by using {x,} and
{f(x,, 6.}, where 6, isthe parameter of the policy used at
time n. To solve this problem, we use the stochastic
approximation method.

Since 0n(6) can not be observed directly from the
samplepath, itisimportant to obtain an estimate which can
be observed on-linefor arecursive agorithm. Lety, bethe
kth estimate of h(6) & BOn(6) and

Vi =—M(B) + €.y,

where 3, is positive, and €, , is the observation noise.
Then we can update the estimate of 6° recursively based on
y, asfollows

By1=(6y Y D110 rapy .l sm ol

+6 1[”6k+akyk+1”>Mak]' (l)

k=1
Oy= i:zo 16, +a 0,=0, (2

i+l >M g1’
where d isapointinIR? given later and { M} isasequence
of positive increasing numbers diverging to infinity.

The following conditions are used:

H1) On(6) islocally Lipschitz continuous;
H2) Thereexist hyand 8 such that inf gy, 1(6) > ne)

and n(J) isnowhere dense, where J = { 6 0 IR?, (1n(6)
=0}.

2.1 Simultaneous per turbation approach

For aMarkov chain in general state space with ac-
cessible state ([8]), we use a simultaneous perturbation
gradient approximation method ([12,5]) to estimate h,(6,).

We assume the sample path starts with x, = a.
Otherwise, we simply discard theinitial period from x, to
the first state x, = a. Let {x,} be a sample path of the
corresponding Markov chain. Let t, be thetime of the kth
visit to the accessible state a. We refer to the sequence x,,,
Xy pr -0 %, , @S the kth renewal cycle.

Let{A,,i=1,...,d kOR} bei.i.d. r.v. sequences

with| &) | <a, E(UAL) = 0and| 1/4, | < b, wherea, b > 0.
Denote by A = [A} ... AY',

REE
=L ... 1] 3
Ok lA& Aﬁ} (3

Driving the Markov chain from t,, to t, ., under the
parameter 6,, and from t,, ; to t, ., , under the parameter
6.+ ¢, we obtain the following two observations

tok+1

FRO)=ua., 2 f(x,6)), @

tok+2

F -l:(ek) = u2|<+1 S Z f(Xi1 6k+CkAk)y
=tae*l
U St =t ®)

_F6)—F(6)
S (6)

k+1
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Then, we have the following result:

Theorem 1. If C1)-C4), H1)-H2) hold, and a, > 0, ¢, > 0,
2
¢ - 0,2 =cand Zka—; < +oo, then
Cy

d(6,,J) -0,
where 6, is defined by (1)(2) with 'y, , givenin (6).
2.2 Potential based recursive method

Intheagorithmsgivenin section 2.1, the differences
are used to approximate differentials, and this will influ-
ence the convergence rate of the algorithms as mentioned
before. By potential theory ([2]), when the Markov chain
X={Xo Xy, ...} isinafinite state space S={1, 2, ..., M},
we can on-line construct an observation of the gradient of
the performance. Leti” be theinitial state, i.e. assume
Xo=i". Thesample pathisthen divided into “ basic periods’
by the successive occurrence of i’ son the path. We denote
the sample path as Xy, ..., Xy «ver Xy -0y Xyy py +o-0 Where
to=0,%=i", tx,,=min{n:n>t, x,=i"},k=0. Thekth
basic period is Xy, ..., %, ,-1-

Define the estimate y, . ; for h(6,) to be used in the
algorithms (1) (2) as

tke1—1 m

V== & 2 Op, (00d,0) U
where
df).  if tG) <t
dG)={ dy_s0), if G %0, 1) 2t ®)
\O, otherwise
)= 2, [uyfs, 6D -1 ©
’7k+1=|:z_ f(x;, B0, (20
t() =inf {n>t, _,,x, =j}. (11)

Theorem 2. If H1), H2) hold, and g, > 0, 2,8, = 0, 8,1 —
a,=o(a) and Zia? < +oo, then

d(6.9) -0,

where Jisgivenin H2) and 6, is given by Algorithms(1)
(2) withy,,, givenin (7).

[11. PROOFS

Proof of Theorem 1. Note that
E(F ;+1(0) ‘ 6,=6)=C,(6n(6+cL),
E(Fy..(0)| 6c=6)=C(O)n(D),

where C(6) = Eg(Ux: 1)Ee+ g (Unk+ 2)-

Denote
E;+1(9v (“)) :F;+1(H)_E(F:+1(9k) ‘ Bk = 9),
&1=F (O —EF.1(6)] 6, =6),

By (6) it follows that

k(ek)n(9k+CkAk)_’7(0k) +£;+1_EE+1

yk+1:_C Ck O Ck Oi-

By the Taylor expansion and the way similar to that used
in [5] and [4], we can show that

Vi1 =—C(8)0N(6,) + &y,

and that
m(ny,t)
limsup 2 aEalg ey | =0(T)
— 00 I=ny

forany N>0andt [0, T], wherem(n, T) =inf{k>n, Z_,
>T}.

Using Theorem 1in[4], we complete the proof of the
theorem. "

To prove Theorem 2, we prove the following lemma
first.

Lemma 1. For any compact set K, there exist constants Cy
and p such that

P{un,=1} <Cypx.

In particular, E¢u,) and E,(u?) are bounded functionsin
bounded domain of 6.

Proof. Let X, (&) I:*rl be apath of the Markov Chainiin

finite state from t, to t,,, — 1. Then, by the cycle
decomposition [11], the Markov chain can uniquely be
decomposed into several cycles. In each cycle, no stateis
repeated. We separate all cycles with finite number of
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states into two groups A and B such that each cyclein A
includes state i* while no cycle in B includes state i,
Clearly, for any compact set K

%a}z(Pe{cycle cOB}<1l

Sinceif it were not true, then therewould exist a 80 K such
that P{cycleC O B} =0. Thisimpliesthat i’ isatransit
state, which isimpossible by assumption. Thus,

€A rg@(Pg{cycle ciB}<1,

and we have

PAT=1} < P{Thereexist at |east Iﬁ +1 cyclesand no

cycle belongsto A}
1141
< 2 ek="%—<Cpk
k=[|ﬁ}+1 —Ck

by taking px = €F.
Define
MO =E f Lygeigep| %o =1 1.
wheret(j) =inf{n >0, x, = j}.
Lemma 2. A(6) islocaly Lipschitz continuous.

Proof. Note that
AO) =P t() <t )| x, =i },

isataboo transition probability [6]. By the properties of
taboo transition probability, A(6) can be expressed by

- mi*i*(g)
mji*(9)+mi*j(e)’

wheremy--(6) = E%("), m(6) = Et()| x, ="} and my(6)
= E‘*{t(i*)\x0 =j}. Defineh(j) =11, ...,1,0,1, ..., 1]t.
mji*(g)
7(0)
=h(j), wheree=(1,1, ..., )T isan M-dimensional column
vector with all components being 1. Thusm+(6) islocally
Lipschitz continuous, since r(6) is locally Lipschitz
continuous. Similarly, m+(6) is also locally Lipschitz
continuous. Sincem;(6) >0, m;:(6) > 0if i" #j, and 77-(6)
> 0 for any 6, then by (12) it follows that A(6) islocally
Lipschitz continuous.

A9 (12)

Then for fixed j, isthe solution to (I — P? + erf)g
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LetF,=0o{x,1=0,1, ..., K}.
Lemma 3.
E( )| Fi,) 2Ug %)L A0+ MO ()0, -0,y
+un*%=1,)C’G),

where
o 0 t(i*i—l _
0’0 =E"{ 2 (f(X,, 6)~ ()| %, =i},
C) =E 1t0)1 gy <y
Proof. From (8)-(11) we have
E( )] Fiy )~ Uy =)C"G)

:ukE{dk+1(j)1{th)<tk+l) Ftk} +A(6,)d K)o =0_p

=u,g%() L~ A6+ A ()L, -0,

The last equality is from that

E{d 1002 0)<ty 11

Ftk} =E{E[dk+1(i)‘ Ftkj ]1{tk(j)<tk+1}

Fi }
=g°()(L-A(6)).

Proof of Theorem 2. Note that

h(6) A EumEukg 7(6)0p,(6)d ()
=Eu,,,Eu,0n(6).

By Theorem 1 of [4], we need check that for any conver-
gent subsequence of {6} andany N>0t [0, T]

m(ny,t)

Zk Vi1 (B e 1<ny

I=n

limsup

k — o

=o(T). (13)

_ tge1-1
- _Zn=t|<

Let F.(j) 0p,,;(6). Note that

et th(0)= 2 F,0)~E(F,0)[FHE,0)
+ 2 EFO[RIAO+N6) (14
By Lemmal, we have

~ .
Ed k(])l{”ek”(N} < ||9?(l|]lgN Ed k(]) <00,
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Thisyields
g k0)1{||9k||<N} <+, gae
since
E% a2d ()L e, 1ny =§ AZE ()L yp, ey <+

Then, by the martingal e convergence theorem we have

m(ny,t)

| =an E;l'{'(j)Ci'(j)l{ll9k||<N} =0,

limsup
where &() = Fi() ~ E{F,()| F,, }.

Note that

E{F0) | Py} =BU a2 %), (6.

Thus, to prove (13), we only need to show that for any t [J
[0, T]

m(n, -1 N
im| £ a(d®-Eug"®)|=om,
Note that
m(ny, t)-1 R
2 aldo-Eug0)
mny, t)-1 R
< £ aldo-Eugig)
m(ny,t)-1
+ 2 a@"h)-g" kY,
m(ny, t)-1
+ a,g”()Eu,—Eu, )|, (15)

where the last two terms are of o(T), since ay, . 1,7 0.
Therefore, it sufficesto show that thefirst termon ther nght
hand side of (15) isof o(T).

Inwhat follows, let A, = A(8). Then

d,()-Eug”-14)=

—/\| |

d,()-E(, 0)|F,)-Eug”-()

Ild(l)

. }h 1E(d 10 F)+g

By Lemma 3, we have

5 E@O[F,)-ug" )

- 1—/{|1_1a|—1(j)+(u|'7g| _,7|)Cel(j)-

So, the first term on the right hand side of (15) is

m(nkzt)—l )\| L
a el [0
I=ny l(l—)\l . 1- )\) 0)

+

+o(T),

m(ny,t)
i a,(t,1* ~1)c" )

whichisof o(T) by Lemma2. Theassertion of thetheorem
is proved. "

IV.CONCLUDING REMARKS

In this paper, two stochastic approximation methods
solving the Markov decision problem are presented, and
the system parameters are optimized based on the observa-
tions of the sample path of the system. These methods are
useful when a complex system should be improved on-
line.

There are two directions which one can work with
further: one isto extend “potential” to some general state
problems so that the gradient of the performance can be
estimated directly from the sample path; another oneisto
optimize the system when only the partial information of
the system is known. This situation occurs in the Semi-
Markov decision problems and in the “ state aggregation’’
problems as well.
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