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Nonlinear Adaptive Blind Whitening
for MIMO Channels

Han-Fu Chen, Fellow, IEEE, Xi-Ren Cao, Fellow, IEEE, Hai-Tao Fang, Member, IEEE, and
Jie Zhu, Senior Member, IEEE

Abstract—A nonlinear adaptive whitening method is proposed
for blind deconvolution of MIMO systems by whitening the re-
ceived signals in both time and space, with a highly nonlinear
function of the past output data. The whitened signals are ISI-free
and can be viewed as outputs of a memoryless paraunitary mixing
system. The convergence of the proposed recursive algorithm is
proved. Numerical simulation shows that the whitening method
proposed in the paper works well, even if the output signal is
corrupted by additive noise.

Index Terms—Blind equalization, blind intersymbol inter-
ference (ISI) cancellation, blind source separation (BSS), mul-
tiple-input–multiple-output (MIMO) linear systems, nonlinear
blind equalization, second-order statistics (SOS), signal uncorre-
lation, signal whitening.

NOMENCLATURE

The following notation is the list of mathematical symbols
used in the paper.

Backward-shift operator.
Expectation of .
Identity matrix (with a compatible dimension).
Norm of a matrix , defined as the square root of
the maximal singular value of .
Maximum eigenvalue of a non-negative definite ma-
trix .
Kronecker product.
Sum of the diagonal elements of matrix .

I. INTRODUCTION

THE GOAL of blind equalization for multiple-input–mul-
tiple-output (MIMO) systems is to recover multiple source

signals from the observations of their mixtures without using a
reference signal to determine the channels. Such a signal pro-
cessing problem can be abstracted from many applications in
communications, image processing, speech enhancement, and
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biomedical measurements. When passing through a media in
digital communication, a source signal in an MIMO system gen-
erally suffers from a convolutive distortion between its sym-
bols and a mixture distortion from other source signals. These
two distortions are called intersymbol interference (ISI) and in-
teruser interference (IUI), respectively. Specifically, let be a

-dimensional input signal. An MIMO channel is characterized
by a matrix polynomial

(1)

where , are unknown matrices, ,
and denotes the time-delay operator

We consider the case without noise first and then extend the re-
sults to the noise case. The channel output, thus, can be formu-
lated by

(2)

Blind equalization of an MIMO system is to recover the channel
input by using the output only. For a system having one
source signal [i.e., , the single-input–single-output
(SISO), or the single-input–multiple-output (SIMO) system],
a large amount of algorithms has been developed based on
either nonzero higher order statistics of stationary sources
or second-order statistics (SOS) of nonstationary (cyclosta-
tionary) sources. On the other hand, if the media effect on the
signals can be modeled by a memoryless scale, the convolutive
distortion vanishes, i.e., in (1). The problem for this
special case is named blind source separation (BSS) [3], [4],
[26]. Again, there are many results published in this area.
When the mixing matrix is full-column rank, non-Gaussian
sources can always be separated by higher order statistics, and
nonstationary (cyclostationary) sources can be picked out by
SOS, provided that they have distinct power spectra [16]. Due
to its potential applications in digital communications, blind
equalization of MIMO systems has attracted attention from a
growing number of researchers recently. Many equalization
solutions to MIMO systems are the extensions of algorithms
developed for SISO or SIMO systems based on higherorder
statistics (see [20], [21], and references therein). The principle
behind it is the Skitovich–Darmois theorem or the maximum
entropy formulation. Tugnait [23] developed a blind MIMO
equalizer by using a Godard cost function. Chen and Petropulu
[5] gave a solution by jointly diagonalizing the polyspectra
slices. Touzni et al. [22] proposed a set of hierarchical criteria
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from the maximum entropy principle point of view to build
an adaptive globally convergent MIMO equalizer. The source
signals are required to be sub-Gaussian, i.e., their normalized
kurtosises should be less than three.

As it is known, the higher order statistics may not be accurate
in comparison with the SOS for a given limit number of signal
samples. Also, the higher order statistics require more compu-
tational power. Thus, it is usually preferred to use the SOS if
it works. Inouye and Liu [11] studied the blind equalization of
finite impulse response (FIR) MIMO channel systems on the
SOS and concluded that every equalizable channel has an FIR
irreducible-paraunitary factorization and can be reduced to a pa-
raunitary FIR system by decorrelation. Although the parauni-
tary FIR system can be arbitrary, its output signals do not have
the ISI distortion, thus reducing the equalization in MIMO sys-
tems to the BSS problem. It is worthwhile to mention that be-
cause of the resultant paraunitary structure, the BSS can be done
by rotating the source signals only with higher order statistics.
Consequently, the blind equalization for MIMO systems can be
achieved with two steps: ISI cancellation by SOS (decorrela-
tion) and IUI cancellation by higher order statistics or maximum
entropy principle. Tugnait and Huang [24] realized this two-step
procedure by first whitening the observations up to a unitary
mixing matrix and then “unmixing” them with fourth-order sta-
tistics. Lopez-Valcarce et al. [15] showed that a user channel can
be equalized based on only SOS if it is the unique one having the
longest memory. Referring to (1), a user channel with longest
memory means that the column of matrix corresponding to
the user is nonzero. If there is only one such channel, also
has only one nonzero column accordingly. As a result, a matrix

satisfying for will provide a copy
of the user signal up to a scale. To detect a special user signal,
the authors suggested filtering the user signal before transmit-
ting it so that the “whole” channel it goes through has the longest
memory. By multiplying each user signal with a (known to re-
ceiver) complex exponential at a characteristic frequency before
transmission so that the whitened signal admits conjugate cyclo-
stationarity, Chevreuil and Loubaton [8] proposed to equalize
an MIMO channel up to a paraunitary mixing matrix by SOS
and to recover all the user signals on the characteristic frequen-
cies. This method is somehow similar to that in code-division
multiple-access (CDMA) systems, where an assigned “code” is
used to recognize a particular user. CDMA signal detectors also
benefit from the ISI-free whitened signals.

In this paper, we consider the blind ISI cancellation problem
for MIMO systems in general cases, i.e., , . The
source signals are assumed to be white and mutually indepen-
dent (i.e., the identification of those MIMO systems driven by
colored source signals is, therefore, not involved here.) We pro-
pose a self-whitening algorithm to directly output ISI-free esti-
mates for MIMO systems without identifying the channel. The
algorithm consists of two steps: whitening in time and whitening
in space. The whitened outputs can be seen as all source sig-
nals transmitted through a memoryless FIR system. When the
received signals are corroded by noises, the whitened outputs
give the maximal signal-to-noise (including intersymbol inter-
ference) ratio. The algorithm is different from those presented
in existing literatures: It is neither a zero-forcing equalizer nor a

maximum-likelihood estimator. Its output is not derived via the
received signals passing through a linear filter bank but is a di-
rect estimate nonlinearly depending on the past output signals.
More realistically, it is a recursive algorithm that is expected to
adapt the slow change of the channel, although in the sequel, the
time-invariant channel is still assumed.

The paper is organized as follows. In Section II, the extended
least-squares (ELS) method combined with the overparameter-
ization technique is applied for whitening in time, and the ELS
output is proved to be asymptotic whitening. In Section III, the
recursive whitening in space is asymptotically derived in the
mean-square sense. In Section IV, performance comparison be-
tween the nonlinear whitening (NW) method and the linear pre-
diction deconvolution (LPD) method [11] for FIR channels is
presented. Some concluding remarks are given in Section V.

II. WHITENING IN TIME

We consider the case where the observation is free of noise.
In this section, by the use of the ELS method, we whiten the
observed signal in time.

The following conditions are to be used.

A1) The components of are mutually independent,
, , and

for some real number , where is the power of
source signals.

A2) There exists a -matrix such that is stable
[i.e., all roots of are outside the closed unit
disk].

Remark 1: Notice that the condition A1) is weaker than
common independent and identically distributed (i.i.d.) as-
sumption. In fact, the whitening algorithm developed in the
sequel is based on the SOS only; thus, it does not require the
source signals to be i.i.d.. Under A1), we have

and a.s. (3)

Remark 2: Without loss of generality, we assume that all
source signals have the same power, because if a source signal
has a different power level, the power difference may be com-
pensated by changing the gain of the channel it goes through.

Remark 3: The condition A2) does not necessarily imply
that the MIMO channel has to be irreducible or equalizable. It
ensures the convergence of the recursive whitening procedure
developed in the sequel. When the MIMO channel meets A2)
and is reducible as well, the whitening procedure still provides
white outputs, and the source signal can asymptotically be re-
covered up to a multiple being an orthogonal matrix. The algo-
rithm cannot whiten the signal when the channel does not meet
A2).

Denoting , , , and
, , we then have

(4)

and

(5)
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It is worth noting that

can be viewed as the output of a flat fading channel, and
serves as the observed signal. The problem is now reduced to
transforming to a sequence that is white in both time and
space. In this section, we whiten in time. As a matter of
fact, based on , we give an estimate converging to
in the mean-square sense. Then, may serve as a sequence
whitened in time. Since it depends upon the first tap-matrix
only, the estimate of may not be acceptable when is away
from full-column rank. We refer to [9] for more information
about this issue.

By stability of , we have

(6)

where , for some and .
Let be a sufficiently large integer such that

(7)

where , and denote

(8)

Lemma 1: If is stable and is defined by (6)–(8),
then

(9)

is strictly positive real (SPR), i.e.,

, and is stable.
Proof: The SPR property is proved in [7, p. 139].

SPR of implies SPR of
. Then, is also SPR (see, e.g., [7,

Lemma 4.1]), and hence, is stable.
Remark 4: If is SPR, then we may take .
Denote

(10)

Then, from (5), we obtain the following ARMA system:

(11)

It is clear that . Let ,
and

(12)

The recursive algorithm whitening in time is defined as
follows:

(13)

(14)

(15)

with and arbitrary , where

(16)

Theorem 1: Under Conditions A1) and A2), is a se-
quence asymptotically whitened in time with

(17)

and

(18)

Proof: Let , and denote by the
maximum eigenvalue of ,
i.e., . By Lemma 1, we see that [7,
Theorem 4.1] is applicable to (11) by taking and

in that theorem.
Then, it is proved in [7] (see (4.62) of [7]) that

(19)

Let us define

and

(20)
and denote by the maximum eigenvalue of , i.e.,

.
Further, denote

(21)

and notice that

.
(22)

From (22) it follows that

(23)

where is the Kronecker product, and is an -dimensional
identity matrix.
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From (5) and (22), it follows that

Therefore, we have

(24)
Let be a unit vector with the same dimension as . Then, by
the Schwartz inequality, it follows that

(25)

From (23), we see , while from (19)
and (24), it follows that

By noticing ,
from (25), we conclude that

which implies

(26)

Incorporating (26) with (24), from (19), we derive

which proves (17).
By (17) and (22), we see that all terms on the right-hand side

of (27) stated below tend to zero for and to for
as

(27)

This proves (18).
This means that has asymptotically been whitened in

time. We note that (13)–(16) is the extended least-squares esti-
mate for . Under the conditions of Theorem 1, actually is
strongly consistent for . If is stable, then for sufficiently
large , we have (18). So, for A2), we may try different and
kick off those for which diverges or be-
comes nondegenerate.

Since may not be diagonal, we have to further
whiten in space.

III. WHITENING IN SPACE

Assume has been selected.
We have

(28)

Using the data , we proceed to recursively diagonalize
. In fact, we present a recursive method for principal compo-

nent analysis.
Recursively define

(29)

(30)

If , is reset to be a vector with norm 1. Define

(31)

(32)

(33)

(34)

If , define a with such that

.
Let be a sequence of positive real numbers such that

, , . Define

(35)

. . .

(36)

where is an indicator function, which equals 1 if the relation
in the bracket is true and 0 otherwise. Set

(37)

The following theorem shows that is the desired estimate
whitened in both time and space.
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Theorem 2: Assume that Conditions A1) and A2) hold and
a.s. Then, is asymptotically whitened in

space

(38)

(39)

and

(40)

Proof: Applying the Taylor’s expansion leads to

(41)

Since , we have a.s. It is

clear that (17) implies that . Therefore

a.s. (42)

Therefore, in (41)

where may depend on a sample path.
We then rewrite (41) as

(43)

where

(44)

where with possibly varying in a
different sample path.

By (42)

a.s. (45)

Rewrite (43) as follows:

(46)

where

(47)

(48)

We may consider the truncated version of (46), but it will coin-
cide with the untruncated version for large since is
known to be bounded by 1. Therefore, the algorithm (46) is a
special form of stochastic approximation algorithm (66) given
in Appendix A, where , , and

correspond to , , and in (66),
respectively. Therefore, C3) is clearly satisfied.

Set

(49)

We now show

(50)
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Denote

By (3), (17), and (18), we see that

a.s. (51)

tr a.s. (52)

tr a.s. (53)

and

(54)

Notice that by (31), we have

by (53)

tr

and by (52), we have

tr

From these, we see that the right-hand side of (54) tends to zero
as . This proves (50).

Notice that is a martingale difference sequence,
where is the -algebra generated by

, and

Therefore

a.s. (55)

Combining (35), (50), and (55) leads to

a.s. (56)

This verifies C2) in Appendix A.
Denote by the unit sphere in . Then, evolves on .

Define

The root set of on is

(57)

where are unit eigenvectors of .
Defining

for , we have

if
if

(58)

This verifies C1’) in Appendix A. Thus, the convergence the-
orem of stochastic approximation given in Appendix A is appli-
cable, and we conclude that converges to one of , say, .

It is shown in Appendix B that by induction given by
(29)–(34) converge to different unit eigenvectors of .

Rewrite (35) as

(59)

We see that this is in the form of (66) with and
.



CHEN et al.: NONLINEAR ADAPTIVE BLIND WHITENING FOR MIMO CHANNELS 2641

Since converges and , by the

treatment similar to that used for (47)–(55), we have

Then, by the convergence theorem of stochastic approximation
given in Appendix A for linear regression functions, we have

Then, and given by (36) have limits

. . .

From (18), it follows that

Then, (38) and (39) have been proved.
By Theorem 1, we see that when the original source sequence

is Gaussian, the estimated sequence is asymptotically
Gaussian. Since is transformed linearly from , by (37)
and (40), also is asymptotically Gaussian.

IV. SIMULATION RESULTS

In this section, we consider a numerical example to illustrate
our approach. For generating the signal , we proceed as fol-
lows: Take a random sequence consisting of 0 and 1, and encode
the sequence by a turbo encoder. The coded bits are inter-
leaved and passed through a serial to parallel (S/P) converter.
Then, they are fed into transmission paths corresponding to

transmitter antennas. At each path, the modulator maps each
of its inputs into one point of a quadrature phase-shift keying
(QPSK) constellation. The output of the modulator serves as
the channel input used in our example, i.e., . Let the ma-
trix polynomial characterizing the channel be given by

(60)

with , , , and the observations by

(61)

where the noise is an i.i.d. Gaussian sequence with
, .
The NW method developed in this paper is compared with

the LPD method proposed in [11], by which a matrix polyno-
mial is first derived such that . In this
example, we set the order of to 8. Then, the estimate for

is defined as

(62)

To evaluate a whitening or deconvolution method, we use the
following performance indices: the mean-squared error (MSE)
of the estimate for , the ISI, which characterizes the white-
ness of in time, and the component correlatedness (CC) of
in space. They are defined, respectively, by

MSE (63)

ISI (64)

and

CC (65)

where denotes the eigenvalue of a matrix . The efficiency
of the whitening method proposed in the paper is measured by
the bit-error rate (BER).

When applying NW, in order to keep as , we take

and

The data to be used are , , 2

In Appendix C, it is shown that has the innovation repre-
sentation [13]

Let in (11), and treat and as and
in (11), respectively. By (13)–(16), we derive . The initial

values for (14) and (15) are and ,

respectively. In order to reduce the effect caused by inaccuracy
of initial values, each frame with length of 1200 bits is used
twice to go through (13)–(16): The estimates and obtained
at the end of the first round of computation serve as the initial
values of the second round of computation, and the estimates

, , 2 derived from the second round of computation
are used for comparison. Define
to serve as the estimate for . Putting the computed into
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Fig. 1. MSEs.

Fig. 2. ISIs.

(63) and (64) immediately yields MSE and ISI. In order to de-
rive CC, we replace in (29)–(37) by and derive a
whitened sequence in space, which gives according
to (65). Similarly, by , we obtain . To demonstrate
the efficiency of the NW method, we elect CC in the worse case,
i.e., , and illustrate it in Fig. 3.

In Figs. 1–3, the performance indices are plotted as functions
of signal-to-noise ratio (SNR), where the performance indices
are obtained by 100 Monte Carlo runs, while SNR is defined as

SNR

In Figs. 1–3, the lines with cycles are given by NW, while
the lines with plus signs are given by LPD; the dashed line
with asterisks in Fig. 1 is the relative power of noise, i.e.,

. Figs. 1 and 2 show that the method
NW proposed in the paper gives better results over the LPD
method, especially for low SNR. Fig. 3 demonstrates that the

Fig. 3. Components correlatedness.

Fig. 4. BERs.

NW provides a good performance of recursive whitening in
space.

The overall efficiency of our whitening method is measured
by BER. The BERs of the recovered signal are computed when
LPD and NW are used for deconvoluting the system. The lines
with cycles and plus signs in Fig. 4 are computed on the “best
case scenario,” i.e., for the case where the channel matrix is
assumed to be known. From Fig. 4, it is seen that NW gives
better results than LPD. For the case where is unknown,
we apply the signal rotation part of the JADE method [2], [3]
to the signal whitened in space according to NW. The JADE
algorithm is taken here because it is a simple algorithm and is
widely applied in BSS. The resulting signal differs from the true
signal by a multiple being a diagonal matrix with diagonal
elements , , where is the dimension of .
By using the property that each component of is of the form

, the estimates for , , are
then obtained by the least-squares method. For this case, BER
is shown by the line with asterisks in Fig. 4. Therefore, even in
the case where is unknown, the proposed method NW still
works well.
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Fig. 5. MSEs.

Concerning the complexity of LPD and NW, they are not
comparable, in general, since LPD is a batch algorithm, while
NW is an adaptive one. The computation of NW is distributed
to each step when a new received sample comes. The LPD col-
lects a certain number of received samples before whitening.
The computation of NW is proportional to the length of the ob-
served signal sequence. For a given signal sequence that is long
enough to have an acceptable estimate, the overall computation
of NW is larger than that of LPD. Fig. 5 shows the behaviors
of the MSE as the number of steps in our recursive algorithm
grows up for different levels of the noise.

V. CONCLUSION

The paper proposes a recursive direct method for MIMO
channels to whiten the output signal in both time and space.
Unlike the conventional deconvolution methods that normally
construct a weighting matrix to form a linear filter acting
on the past output data to produce the estimate for input signal,
the estimate for input signal proposed in the paper is a highly
nonlinear function of the past output data. From (89), it can be
seen that the nonlinear method helps us in suppressing noise in
an optimal way, while for all linear methods, the influence of
noise is neglected during designing , and as a result, the
noise term additively appears in the estimate for

[see (62)]. This explains why our nonlinear method is
better than linear methods.

The convergence of the algorithm is proved in the paper.
Numerical simulation demonstrates that the proposed method
works very well when the observation is corrupted by noise.
As a matter of fact, in this case, the noisy output can still be
expressed as the output of an MIMO channel without noise
by using the innovation representation. The simulation results
show that the observation noise does not affect too much on the
innovation representation, especially for cases of large SNR,
and that ignoring such an effect leads to BERs much less than
those when simply ignoring the existence of noise in the LPD
method.

Although the proof of the method assumes that the channel is
time invariant, it is expected to work well for a slowly changing
MIMO channel. Unlike the batch methods, the algorithm pro-

posed in this paper is recursive and updates at each sample. It
is an inherent property of recursive algorithms that they may
adapt to the change in system parameters if the change is slower
than the convergence speed of the algorithms. Intuitively, the re-
cursive algorithms spread the whitening process into each time
when the signal sample received, thus, is expected to give a more
accurate estimate than the batch method when the channel varies
slowly.

The key step when applying the NW method given in the
paper is to adequately select a matrix satisfying A2) and a
sufficiently large satisfying (7). One may first assume that
there exists a stable submatrix of . If the stable submatrix is
available, then can be taken such that each its column has only
one nonzero element that equals 1 and corresponds to the row
of that should be selected. If only the existence of a stable
submatrix is known but the submatrix itself is unknown, then
we may try different with columns having only one nonzero
(equal to 1) element. The total number of such matrices is

, where is the number
of rows of , and is the number of columns of . So,
after at most trials, the desired will be obtained. However,
in general, it may happen that is stable for some matrix

, even if there is no stable submatrix of . In this case, we
do not have a general way to define . At present, we need work
by “trial and error.” The development of a practical algorithm for
selecting is a future research topic. Besides, to quantitatively
analyze the effect of the observation noise is also of interest for
further research.

APPENDIX A
CONVERGENCE THEOREM OF STOCHASTIC APPROXIMATION

For the stochastic approximation algorithm with expanding
truncations

(66)

(67)

assume that the following conditions hold.

C1) There is a continuously differentiable function
such that

for any , where is the zero set of
consisting of isolated points.

and denote the gradient of . Further,
used in (66) is such that

for some and .
C2) For the sample path under consideration
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for any such that converges, where
is given by (49).

C3) is measurable and locally bounded.
Then, for any given initial value for the

sample path for which C2) holds (see [6, Th. 2.2.1]).
Remark 5: If it is known that evolves in a subspace of
, then C1) can be weakened to C1’). There is a continuously

differentiable function such that

for any (see Remark 2.2.6 in [6]).

APPENDIX B

Inductively assume

(68)

and denote

(69)

By (68), we have

(70)

and

(71)

By (42) and (68), it follows that

(72)

and by (34)

(73)

Since

and from (46)

we see

(74)

where

Since converges, by (56), it follows that

a.s. (75)

Together with (68), inductively we also assume

(76)
and

a.s. (77)

We now show that converges to one of the unit eigenvectors
contained in

and that (76) and (77) hold also for .
By definition

(78)

(79)

Since the last term in (78) tends to zero and ,

we need only to reset to a new with and
at most for a finite number of times.

Replacing by in (41)–(48), we arrive at the
following recursions corresponding to (46)–(48):

(80)

where

Similar to (50) and (55), we have

a.s.
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and

a.s.

Noticing and using (70), we can
rewrite (80)

(81)

where we have used the assumption

Denote the second term on the right-hand side of (81) by

By (70), (76), and (77), we have

(82)

and

a.s. (83)

Setting , from (81)–(83), we see

(84)

Again, applying the convergence theorem of stochastic approx-
imation given in Appendix A, we can prove the convergence of

to an unit eigenvector of .

By (32) and (33), and, hence, converges:
. Thus

From (33), we have

and by (34)

This incorporated with leads to

or (85)

Since the limit of , , is an unit eigenvector of
, we have

or

(86)

From (85), it follows that can be expressed by a linear com-
bination of eigenvectors . Consequently

which, combined with (86), implies

This means that is an eigenvector of , and is different
from by (85). Thus, we have shown (68) for .

Since

from (84), we have

(87)

where

(88)

and
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Elementary manipulation leads to

This equation, together with (87) and (88), proves (76) and (77)
for .

APPENDIX C

Consider the case where the received signal is corrupted by an
additive noise , which is uncorrelated with with

, , , .
Denote

i.e.,

As in Section II [see (4) and (5)], setting

we have

Comparing with (5), we find that when the signal is received
without noise the signal to be whitened is an MA process,
while here we want to whiten , which consists of not only the
MA part but also an exogenous input . In what follows, we
show that by using the innovation representation, can still be
expressed as an MA process. Let

...
. . .

...

...
...

Then, we have the state-space representation of

If is controllable and observable, then for being
any uncorrelated sequence with and ,
it is well known [14] that the Kalman filter gain converges
to a limit: . Further, if is Gaussian, then

innovation of

(89)

is an i.i.d. sequence with and , where
denotes , and is defined in a similar way.

Using the innovation property of residuals in the steady-state
Kalman filter, we derive the innovation representation [13]

(90)

where . Instead of A2), we now assume

(91)

is stable. Corresponding to (5), we now have

(92)

Since is Gaussian, we have for any .
Then, . Consequently

for any

Therefore, if in addition to A1), is an i.i.d. Gaussian se-
quence and defined by (91) is stable, then the same method
as that used in Theorems 1 and 2 can still be applied to whiten

, which corresponds to in (5).
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