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Abstract

The paper proposes a new approach to the theory of Markov decision pro-
cesses (MDPs) with average performance criteria and finite state and action
spaces. Using the average performance and bias difference formulas derived in
this paper, we develop an optimization theory for average performance (or gain)
optimality, bias optimality, and all the high-order bias optimality, in a unified
way. The approach is simple, direct, natural and intuitive; it does not depend
on Laurent series expansion and discounted MDPs. We also propose one-phase
policy iteration algorithms for bias and high-order bias optimal policies, which
are more efficient than the two-phase algorithms in the literature. Furthermore,
we derive the high-order bias optimality equations. This research is a part of
our effort in developing sensitivity-based learning and optimization theory. The
new insights provided by this approach may lead to some new research direc-
tions such as on-line learning, performance derivative based optimization, and

potential or high-order potential aggregations.
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1 Introduction

The paper proposes a new approach to the theory of Markov decision processes
(MDPs) with average performance criteria. We show that a complete theory for
average performance MDPs with finite state and action spaces and multiple chains
can be derived naturally from the average performance and bias difference formulas.
We derive policy iteration algorithms and develop optimization theory for gain (called
average performance in this paper) optimality, bias optimality, and all the high-order
bias optimality (defined in this paper), in a unified way.

This paper is a continuation of the recent research on sensitivity-based perfor-
mance optimization of discrete event dynamic systems [3, 4, 5]. It is motivated by
the previously established results. In particular, it is shown in [3, 4, 5] that the policy
iteration algorithms and the theory for gain-optimality problems in Markov decision
processes follow naturally from the performance difference formula.

Our work is closely related to [12, 13, 17, 18]. [12, 13] provide a solution to the
bias optimality of the uni-chain case and leave the multi-chain case and high-order
bias optimality untouched. Veinott’s pioneering works [17, 18] provide a parallel so-
lution to the problem from a different framework called n-discount optimality. Other
works in MDPs include the linear programming approach [10]. We will not provide a
comprehensive list of references in the MDP literature.

The contributions of this paper are as follows. First, this work provides a new ap-
proach to the performance optimization problems, including the average performance,
bias, and the high-order bias optimality. Compared with previous works on MDPs
and the n-discount optimality theory, this approach is simpler: the theory for bias and
high-order bias optimality is almost the same as that for the average performance;
the proof for the convergence of the policy iteration algorithms is the simplest, to
the best of our knowledge. The approach is more direct: the approach is completely
independent of the discounted MDP formulation and does not depend on Laurent se-
ries expansion; and the approach is more intuitive: it provides a different view for the

optimization problem directly based on comparison of performance. Second, in our



approach, policy iteration is based on the performance and bias difference formulas
and the optimality equations are only secondly. With this vision, we developed one-
phase policy iteration algorithms for the bias and high-order bias optimal policies,
which may save computation compared with the two-phase algorithms presented in
Puterman’s awarding winning book [16]. Third, this work is a part of our effort in de-
veloping the sensitivity-based performance optimization theory. The sensitivity-based
view provides a unified framework for perturbation analysis and policy iteration for
problems with different performance criteria including the discounted performance,
average performance, and biases [3, 4, 5]; it also provides some new insights to the
optimization problem and will lead to new research directions such as performance
derivative-based optimization, on-line learning, aggregation, and problems that do
not fit the standard MDP framework [6].

The paper is organized as follows. In Section 2, we define the nth bias and nth
potential of a policy and the nth-bias optimality criterion. In Section 3, we derive the
nth-bias difference formulas for multi-chain finite-state Markov chains. In Section 4,
we derive policy iteration algorithms by using the nth-bias difference formulas in a
clear and intuitive way. In Section 5, we give the nth-bias optimality equations. In
Section 6, we provide some additional results and discussions comparing our results
with those in the literature, especially with the n-discount optimality theory. Section

7 concludes the paper.

2 Nth-Bias Optimality

Consider a discrete-time multi-chain Markov decision process (MDP) [1, 16] with a
finite state space S = {1,2,...,M}. Let A be the finite action space consisting of
all available actions, and A; C A be the set of actions that are available when the
Markov system is in state ¢ € S. When the system is in state ¢ and action a € A;
is taken, the system transits to state j at the next decision epoch with transition
probability p,(i,7), and a finite reward r(i, a) is received.

A decision rule prescribes a procedure for action selection. A deterministic Marko-



vian decision rule is a function d : S — A that specifies the action d(i) € A; taken
when the system is in state i € S. A policy 7 = (do, dy,ds, . ..) is a sequence of deci-
sion rules with dj denoting the decision rule applied at decision epoch k, £k =0,1,....
A policy is said to be stationary if d, = d for all K > 0. Hence, a stationary policy has
the form of (d,d, ...). Since we only consider stationary deterministic Markovian poli-
cies in this paper, we will simply use d to denote a stationary policy (d,d, ...), and use

D to denote the set of all stationary deterministic Markovian policies. If policy d is

M
1,j=1"

adopted, the state transition probability matrix is denoted as Py = [py( (4, j)] and
the reward function becomes r(i,d(i)), i € S. We have Pye = e, with e = (1,...,1)T
being a column vector whose all components are one, where superscript “T” denotes
transpose.

Consider a Markov chain {X,k = 0,1,...} under a policy d € D, where X
denotes the system state at time k. The long-run average performance in [5, 9] (or

the gain in [16]) of policy d, denoted as g¢, is defined as a vector with components

1 N-1
e k=0

where E¢ denotes the expectation corresponding to the probability measure deter-
mined by the Markov chain {Xj, k= 0,1,...} under policy d. We will see later that

the limit exists. We can rewrite it in vector form:

= i | X (Pt = (R 2)
where r4 = [r(1,d(1)),...,r(M,d(M))]", and
(Pa) = i 3 (P 3)

which was called the Cesaro limit and and its existence was proved in, e.g., [8],
(P;)° = I with I being an M x M identity matrix. We can easily prove that (P;)*e = ¢

and
Py(Pa)" = (Pa)" Pa= (Pa)"(Pa)" = (Pa)". (4)
From (2) and (4), we obtain

Pagl = (Py)*gd = gd. (5)



Now we define the average performance (gain) optimality. The optimal average
performance is defined as g;(i) := maxycp gd(i), for all i € S. A policy d* is called

average performance (gain) optimal if
gy (i) = go(i) Vies.

Let Dy :={d € D : g¢ = gi} be the set of all average performance optimal policies.
We will get that Dy is not empty in Section 4.

From (2), it is clear that the average performance optimality criterion focuses
on the long-run average or the steady-state behavior of a system; it ignores the
transient performance in the initial period of the sample path. Therefore, the average
performance optimality criterion is under-selective. We need to introduce a more
selective optimality criterion - the bias optimality in [16] that is concerned with the
transient performance.

For a policy d € D, if P, is aperiodic, its bias in [16] is defined as a vector ¢g¢ with
components

N
a1 = Jim {3 (X)) — 01X =1} i€ )
which exists as shown below. By (2), (5) and (9), we can rewrite (6) in the vector

form as follows,

ﬁ=:§wmm—@
= = Pt (P (ra— ). )

From Theorem 4.3.1 of [11], the matrix I — P; + (P,)* is nonsingular, and we have

([ — Py+ (Py)*] ' (Pao)" = (Pa)*[I — Py + (Py)'] ' = (P)", (8)
and
=Pyt (PY)]" = kiuad (B = ki[(PdY“ —(P)] + (P (9)

For the periodic case, the bias (6) need to be defined with the Cesaro limit

1N1

¢%(i) = lim — z_: Ed{; (X3, d(X))) — gd()]| Xo = Z} ies, (10)
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From Theorem 2.14 of [9], we have

[I — P+ (Py)*]™' = lim Y P = (Pa)*] + (Pa)".

From this equation, we can see that (10) leads to the same equation (7).

For simplicity in expression, in this paper we assume that P, is aperiodic for all
d € D. If P, is periodic, we just need to replace the normal limit (limy_.|[-]) with
the Cesaro limit (limy_o 1/N X0 []) in the expression of [I — P; 4+ (P;)*]~" and
then all results in this paper are true for the periodic case.

Pre-multiplying (7) by (Ps)*, by (8), (2) and (5) we obtain
(Pa)"gi = (Pa)"(ra — g5) = 0. (11)
Combining the aforementioned equation with (7), we get the Poisson equation [4, 6]
(I = Pa)gi + g5 = ra. (12)

The solution to (12) is not unique; i.e., if g¢ is a solution, then for any vector
u satisfying Pju = u, g¢ + u is also a solution. The g¢ defined in (6) in fact is a
unique solution to (12) with the normalizing condition (11), (P;)*g¢ = 0. If g¢ only
satisfies the Poisson equation (12), we call g¢ the potential of policy d in [6]. Thus, the
bias of policy d is a special potential of policy d which also satisfies the normalizing
condition (11). There exist many different versions of potentials for a policy in the
form of g¢+u. To simplify the notations, we use the same notation g¢ to denote both
the bias and the potential of policy d. But unless otherwise noted, ¢{ is the bias of
policy d.

Now we define the bias optimality. The optimal bias is denoted as gj(i) :=

maxgep, 9(i), for all i € S. A policy d* € Dy is called bias optimal if
gf (i) = gi(i) Vies.

Let Dy :={d € Dy : gl =gi} ={d e D:gl=gsgl=g;} be the set of all bias

optimal policies. We will also see in Section 4 that D; is not empty.



In (6), gd(i)(= g;(i)) is the same for all d € Dy. Thus, maximizing the bias in Dy
is equivalent to maximizing the sum of the mean rewards E{> 7,7 (Xk, d(Xx))} in
the initial period.

Next, we will see later that to optimize the average performance, we need to use
the bias. Similarly, to optimize the bias, we need to use the “bias of the bias”, i.e.,
the second order bias. In general, we can define, by induction, the (n + 1)th-order
bias (or simply the (n + 1)th bias) g2, ,, n > 1, of a policy d € D as a vector with

components

Gy (i) = —E* {i{gi(Xk) — [(Pa)"gn] ()} Xo = 2} , €5 n=1, (13)

k=0

where (P;)*g? is the steady-state value of the nth bias. In vector form, we have

s = = 2IR) - (Pl

= [ B (R g - ()], (1)
Pre-multiplying the aforementioned equation by (FP,)*, and by (8) and (4) we have
(Pa)* g = —(Pa)*[I = Pa+ (Pa)"]'[gn — (Pa)gn] =0, n2>1.

Together with (P;)*g¢ = 0, we have

(Py)*gt=0, n>1. (15)
Thus, (13) can be simplified as

) = —E | S glX0Xo =i, €S nz1, (16)

k=0

and (14) becomes

Gopr = —I=Pat+(P)T gn, n=1. (17)
Combining (15) with (17), we obtain

(I = Po)gper = —gp, n>1 (18)

This is Poisson equation for the high-order biases. Again, the solution to (18) is not

unique; i.e., if g¢ 41 is a solution, then for any vector satisfying Pyu = u, gl g tTu

7



is also a solution. g2, defined in (13) or (16) in fact is a unique solution to (18)
with the normalizing condition (15), (Py)*g%,, = 0. If g¢, | only satisfies the Poisson
equation (18), we call g2, the (n + 1)th potential of policy d. Thus, the (n + 1)th
bias of policy d is a special (n + 1)th potential of policy d which also satisfies the
normalizing condition (15). To simplify the notations, we use the same notation g2,
to denote both the (n + 1)th bias and the (n + 1)th potential of policy d. But unless
otherwise noted, g2, is the (n + 1)th bias of policy d.

From (17), g4, is the bias of —gZ, n =1,2,---. In general, we can derive
d =(=1)"[I-P Py~ (ry — g8 >0 19
I = (=1)"[ = Fa+ (Pa)’] (ra —gp), n=0. (19)
Further, with (9) we can obtain

0 n+k

gh = (—1)"; . [(Pa)*rq — g, n >0,
d N AN d g ,
(i) = (1" 3 E*{[r(Xp, d(Xi)) = g8 (D)][Xo =i}, n > 0. (20)

This equation or (16) can be used to develop algorithms to estimate g4 41 on a single
sample path without knowing P,.

We now define the nth-bias optimality, n > 0. The optimal nth bias is denoted as
g: (i) := maxgep, , g4(7), for all i € S. A policy d* € D,,_; is called nth-bias optimal
if

gn (i) =g,(i)) Vi€S,

where D, 1 :=={de€ D, 5:¢° =g }={deD:gl=g,k=01,....n—1}
is the set of all (n — 1)th-bias optimal policies, and D_; := D. We will prove that
an nth-bias optimal policy, n > 0, always exists. By definition, we have D,, C D,,_q,
n > 0. That is, the bigger n is, the more selective the nth-bias optimality is. The
long-run average performance gg and the bias ¢g¢ will also be called the Oth-order bias

and the Ist-order bias, respectively.



For the 2nd bias (n = 2), from (20) we have

g0 = = S0+ DEr (X0, d(X0) - g% =) i€ S (21)
By (6), we see that the bias g; gives the same weight on the received reward at the
different decision epoch. But, gy exercises a large penalty (negative reward) on lately
received reward 7( X}, d(Xy)) — g&(i) by multiplying it with a factor (k+ 1). In other
words, to maximize g, implies that we prefer to receive the reward early or to receive
the temporary reward.
The following lemma will be used often in the remaining of this paper. For two
vectors (or functions) x and y defined on state space S, we define z = y if (i) = y(i)
forallie S; oz >yif x(i) > y(i) forall i € S; x = y if © > y and z(i) > y(i) for at

least some 7 € S.

Lemma 1 Let u be an M-dimensional vector. If u >0 (or u < 0) and (P;)*u = 0,

then u(i) = 0 for all recurrent states i under policy d.

Proof: The result follows directly from the fact that (P;)*(i,7) = 0 for all i € S if
J is a transient state under policy d and (P;)*(i,j) > 0 if both 7 and j are recurrent

states in the same sub-closed set under policy d. ]

3 Nth-Bias Difference Formulas

We first derive formulas for the performance differences and the differences of the
(n + 1)th biases of two different policies with the same nth bias, n > 0. These

formulas form the basis of the optimization theory of the nth biases.

Lemma 2 For any h,d € D, let g" and g be the nth biases of policies h and d,
n=20,1,..., respectively. Then

(a) g5 — g6 = (D) [(ra + Pugl) — (ra+ Pag?)] + [(Ph)* — I]gg.

(b) If g5 = g3, then

gt —gf = [I = Pu+ (Po)"] ' [(ra + Pag?) — (ra+ Pagi)] + (Pa)*(Pu — Pa)g5-



(c) If gk = g, then
g =gt =1 = Pu+ (PP, — Pa)gy + (Po)"(Py — Pa)gl,,, n>1.

In addition, the above equations hold even if the gt, g5, and g%, , on the right-hand
sides of (a), (b) and (c), respectively, are the potential, 2nd potential, and (n + 2)th
potential of policy d, respectively; that is, they satisfy only the corresponding Poisson

equations without the normalizing conditions.
Proof. (a) From (2) and (4), we have

g6 — 95 = (Pu)rn — 9§
= (P)*(rn — g§) + [(Pn)* — 19§

= (Py)*(rn+ Pugl — g2 — g) + [(Pn)" — I]g8.

Then (a) follows directly from Poisson equation (12).
(b) From (12) and gf = g¢, we have

9 = g1 =i+ Pugl — g5 — gi.
Adding both sides with — P, (g% — ¢{), we have

(I — P (gt — gy =1+ Pugl — g8 — gt

Since on the left-hand side (P,)*g? = 0, we have
(I — Pu+ (Pu) (gt — o) = ra + Pagl — g5 — g — (Pa)*gi.
From (8), we have
gt = g1 = I = Pu+ ()] (rn+ Prgil — g6 — 91) — (Pa)" 91
With (4), we get
gt = gt =L = Pu+ (P (r + Pugt — g6 — ) + (Pa)"(Pags — g1 — 65).

Then (b) follows directly from Poisson equations (12) and (18) with n = 1.

10



In addition, from (9), and noting that (P,)*(rs + Pugd — g3 — ¢¢) = gl — g¢ = 0,

we have

[e.e]

gt =gt = S (P (ra + Pugl — g5 — gf) + (P)"(Prgy — gf — g9) (22)
k=0

= (P (rn + Pugl — ra — Pag) + (Pu)*(Py — Pa)gs. (23)
k=0

(c) From (18) and g = g2, we have
i1 = Ins1 = Pubnir = 9o — Gnr + Prlgnin — G-

Thus,

(I —Pu)(ghy —9hy) = Pugoiy — 90 — gy (24)

Because on the left-hand side we have (P,)*g",, = 0, by (24) we get

[ — Py + (Ph)*](gg—&—l - QZH) = Phggﬂ - gif - gg—&-l - (Ph)*ggﬂ-
Since [I — By, + (Pn)*] 7 (Pn)* = (Py)*, we have

QZH - QZH (25)
= [[ — P, + (Ph)*]_l(PhgffH - gff - 92-1-1) - (Ph>*gz+1

= [[ - P, + (Ph)*]_l(Phgg-;-l - gg - QZH) + (Ph)*(Phgg-m - 924—1 - QZ+2)~

Then (c) follows directly from Poisson equation (18) with n and n + 1.

In addition, from (15) and g" = g¢, we obtain

(P (Pugnia = 9n — Gn) = —(Pn) gy = —(P)"g, = 0.
Thus, from (25) and using (9) we have

h d
In+1 — Int1
(o)

= > (P (Pugiis — g8 — 900) + (B) (Prgiis — 9ot — 9it) (26)
k=0

= Z(Ph)k(Ph — Pd)ggﬂ + (Pp)* (P — Pd)gZH, (27)

for n > 1. From the process of the proof, we do not use the normalizing conditions,

thus the ”In addition” part of this lemma holds. O

11



The bias difference formulas in Lemma 2 allow us to compare the biases of two
different policies based on only one policy’s biases under some conditions. This is
shown in Theorems 1, 2 and 3 below, for the average performance (gain), the 1st-
order bias, and the higher-order biases, respectively. These theorems lead naturally

to the performance optimization theory presented in the remaining of the paper.

Theorem 1 Suppose that two policies d and h satisfy the following two conditions:
(a) Pug§ > g5, and
() Ta(i) + (Pagi) (i) = ra(i) + (Pag?)(i) when (Pug§)(i) = gj(i) for some i € S,
then g > gd. This theorem also holds if we change all the symbols “ > 7 to “ < 7.

The result also holds if g¢ is only the potential of policy d.

Proof. For simplicity, we denote y? := 1, 4+ Png — (r4+ Pag?) in this paper. Because
(P)*Py, = (Py)*, we have (P,)*(Phgd — g¢) = 0. Thus, by Lemma 1, with condition
(a), we have (P,g2)(i) = g&(i) for all recurrent states i under policy h. Then it follows
from condition (b) that y?(i) > 0 for all recurrent states i under policy h. Observing
that (P,)*(é,j) = 0 for all i € S and any transient state j under policy h, we have
(Pn)*yh > 0. On the other hand, because P,gd > g, we have (P,)*gd > g for all
k > 1. Therefore, by (3) we get (P,)*gd > g¢. Finally, by the bias difference formulas
in Lemma 2 (a), we have g — gd = (P,)*yh + [(Pn)* — I]gd > 0. The proof for the
“ <7 case is similar, we omit it. By Lemma 2, the theorem also holds if g¢ is only

the potential of policy d. O

Theorem 2 Suppose that policy d is average performance optimal. If any h € D
satisfies the following three conditions:

(a) Pugs = g5,

(b) i+ Pugd > rq+ Pig?, and

(¢) (Phgd)(i) > (P1gd)(i) when ry,(i) + (Pugl) (i) = ra(i) + (Pagi) (i) for somei € S,
then policy h is also average performance optimal and gt > g¢.

In addition, if condition (a) is replaced by the following condition (a')
(a’) policy h is average performance optimal, i.e., gt = g¢,

then gh < gi if we change all the symbols “ > " in (b) and (c) to “ < 7.

12



The result also holds if g¢ is only the 2nd potential of policy d.

Proof. From conditions (a) and (b), we have
96 — 96 = (Pu)*yi + [(Pa)" — gy = (Pa)"wi > 0.

Since gd is the optimal average performance, we have gl = g4, i.e., h is also average
performance optimal. Thus, (P,)*y? = (Pn)*(rn + Pugl — 74 — Pagl) = 0. Because
y" >0, and by Lemma 1 y"(i) = 0 for all recurrent states ¢ under policy h, it follows
from condition (c) that [(P, — Py)gd](i) > 0 for all recurrent states i under policy
h. Thus, from the structure of (P,)*,we have (P,)*(P, — P;)g4 > 0. From the bias
difference formulas (23) in Lemma 2 (b), gl — g¢ = 3020 (Pn)fyl + (Pn)* (P, — Py) g >
Srso(Pr)Fyl > 0.

In addition, by condition (a'), g& = gd, we also have g' — g¢ = (P,)*y} = 0. The
additional part of the theorem follows in a similar way. By Lemma 2, the theorem
also holds if g¢ is only the 2nd potential of policy d. O

The proof of the following theorem is very similar and hence is omitted.

Theorem 3 Suppose that policy d is (n — 1)th-bias optimal, n > 2. If any (n — 2)th-
bias optimal policy h satisfies the following three conditions:

(a) Pugd | = Pyg? |, forn >3, r,+ Phgl | =714+ Pagd |, forn =2,

(b) Png? > Pyg?, and

(€) (Pugni1) (@) = (Pagiir) (i) when (Pugy)(i) = (Pagy)(i) for some i € S,
then policy h is also (n — 1)th-bias optimal and g > g2.

In addition, if condition (a) is replaced by the following condition (a')

(a’) policy h is (n — 1)th bias optimal, i.e., g" |, = g |,

then g" < g2 if we change all the symbols “>" in (b) and (c) to “ < 7.

The result also holds if gffﬂ is only the (n + 1)th potential of policy d.

4 Policy Iteration Algorithms

Theorems 1-3, which follow almost directly from the bias difference formulas, provide

a clear picture for bias optimization: Given an nth-bias optimal policy d, we can find

13



another policy h in the space of (n—1)th-bias optimal policies that is nth-bias optimal
and has a larger (n+ 1)th bias. We can continue this improvement procedure until it
reaches a policy for which no improvement can be made by this procedure. This policy
must be the (n + 1)th-bias optimal. This procedure is called policy iteration. The
remaining of this paper simply makes the above verbal description mathematically
rigorous.

We will first find an average performance (also called the Oth-bias) optimal policy.
For any non-average-performance optimal policy we can always construct a “better”
policy by Theorem 1. That is, we can improve the average performance at each
iteration. If there is no further improvement, we can prove that this policy is average
performance optimal by the average performance and bias difference formulas. This
process can be formally described as follows. The resulting policy iteration algorithm
is the same as what in the literature, but the proof provided here is simpler.

Given any policy d € D, for any i € S and a € A;, let

Ha(iya) = r(i,a) + 3 pa(i, j)91(5),
j€S
and
Yjes Pali; )96(7) > g5(i); or
Af(i)==<Sa€ Ai: Hyi,a) > Hy(i,d(i)) : (28)
when s pa(i, )95 (7) = 96 (i)

We then define an improvement policy h (depending on d) as follows:
h(i) € Al(i) if Ad(5) # 0, and h(i) = d(i) if AL(i) = 0. (29)

Note that such a policy may not be unique, since there may be more than one action

in Ad(i) for some state i € S. Recall y? := 1, + Pygf — (rq + Pag?). We have
vi (i) = Ha(i, h(i)) — Ha(i, d(7). (30)

Theorem 4 For any given d € D, let h be defined as in (29). We have

(a) g6 > g5
(b) If g5 = 9§ and h# d, then gi = gf.

14



Proof. For any i € S, if Ad(i) = 0, then h(i) = d(i) and we have P,(i,j) =
Py(i,j) for all j € S. Thus, ¥ yes Pali, 1)98(7) = Syes Palis 1)980) = gd(0). Next, if
Ad(i) # 0, from the construction by (28), we have 3"cq Pu(i,7)9a(j) > ga(j). Thus,
condition (a) in Theorem 1 holds. In addition, if 3"cs Pu(i,7)g0(j) = gi(i), then
either Hy(i, h(i)) = Hgy(i,d(i)) when Ad(i) = 0, or Hy(i,h(i)) > Hga(i,d(i)) when
Ad(i) # 0. That is, condition (b) in Theorem 1 also holds. Thus, it follows from
Theorem 1 that g! > gd.

For part (b), since gi' = g, P,gd = g¢ follows by (5). Then by (28), (29), and (30),
we have either h(i) = d(i) or y%(i) > 0 for all i € S. Because h # d, we have y" = 0,
or 1y, + Prgi = rq + Pyg?. Noting that gb — gd = (Bp)*[rn + Pugt — (ra + Pig{)] = 0

and by Lemma 1, we have r,,(7) + (Png?) (i) = rq(i) + (Pyg$) (i), for all recurrent states
i under policy h. From (28) and (29),

h(i) = d(i), for all recurrent states ¢ under policy h. (31)

By (31) and (P,)*(i,7) = 0 when i € S and j is any transient state under policy h,
we get (P,)*(P, — P;) = 0. Then by the bias difference formula (23) in Lemma 2 (b),
9t — 91 = Sio(Pa)*lrn + Pugl — ra — Pagl] = o+ Pug{ —ra — FPagi = 0. O

Theorem 4 essentially claims that if h and d have the same average performance,
and ry, + Phg? = rg + Pyg¢, then gt = g¢. With Theorem 4, we state the (standard)

Average Performance Optimality Policy Iteration Algorithm as follows:
1. Select an arbitrary policy dy € D, and set k = 0.
2. (Policy evaluation) Obtain gi* and ¢ by solving
(Pdk - I)go = 07

ra, — 9o+ (Pa, —I)gn = 0

subject to (Py, )*g1 = 0.

3. (Policy improvement) Set dj as policy d and obtain policy dy,1 as policy h in
(28) and (29), setting dy+1(7) = d(4) if possible.
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4. If dyy1 = di, stop and set d* = dj, and g§ = gg’“, otherwise increase k£ by 1 and

return to step 2.

Theorem 4 (a) guarantees that the average performance does not decrease at each
iteration, and Theorem 4 (a) and (b) guarantee that the policies do not go cycling in

the policy iteration procedure. This leads to the following convergence theorem.

Theorem 5 The Average Performance Optimality Policy Iteration Algorithm stops

at an average performance optimal policy in a finite number of iterations.

Proof: By Theorem 4 (a), we have gg’““ > gd* That is, as k increases, the average
performance ggk either increases or stays the same. Furthermore, by Theorem 4 (b),
when gf)lk stays the same, gf’“ increases. Thus, any two policies in the sequence of dj,
k=0,1,..., either have different average performance (gy) or have different 1st bias
(g91). That is, every policy in the iteration sequence is different. Since the number of
policies is finite, the iteration must stop after a finite number of iterations. Suppose
that it stops at a policy denoted as d*. This means that Ag (i) is empty for all i € S.

Then d* must satisfy the following equations,
Pugd < g3, Vd
d90 =90 € Da

and if (Pygd )(i) = g (i) for some i € S, we have r4(i) + (Pyg? )(i) < rg-(i) +
(Pgg{)(i). (Otherwise for some i the set A2 (i) in (28) is non-empty and the iteration
continues at d*.) Then by Theorem 1 for the ” <7 case, gd — gd = (Py)*(ra+ Pig? —
rar— Ppeg? )+ [(Py)*—1I]g¢ <0, for alld € D. Thus, policy d* is average performance
optimal. O

The existence of the average performance (or Oth-bias, or gain) optimal policy
follows from Theorem 5 by construction with the policy iteration algorithm. Policy
iteration works if we pick up any action in Ad(i) by (28) in the policy improvement
step. In real implementation, however, we usually choose the action with the largest
value of Y jes pali, 7)g4(j) or Hy(i,a) in (28). To the best of our knowledge, the proof
presented here is the simplest (cf. [5, 16, 17]).

Following the same procedure as for the average performance optimal problem, by

Theorem 2, from any average performance optimal policy we can construct another
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average performance optimal policy that has a larger 1st bias, if such a policy exists.
Ideally, we need only search the set of the average performance optimal policies, Dy,
for a (1st) bias optimal policy. However, given an average performance optimal policy,
it is difficult to specify Dy for the multi-chain case. Fortunately, by Theorem 2, we

can search the set Fy = @M, F(i), where ® denotes the Cartesian product, with
M
Fi(i) =={a€ A + Y pali,j)g5(7) = g5(1)}-
j=1

From (5), if h € Dy, we have P,gj = g§, and thus h € Fy. That is, Dy C F}.
Now we develop the policy iteration theory for the bias optimality. Given d € Dy,
for any state i € S, let

Hy(i,a) > Hg(i,d(i)); or
A{(@) = qa € Fi(D) s Y eqpali, )94() > jes Pag (i 1) 95 () : (32)
when Hy(i,a) = Hy(i,d(i))

We then define an improvement policy h (depending on d) as follows:
h(i) € A%() if A%(i) #0, and h(i) =d(i) if Al®) = 0. (33)

Note that such a policy also may not be unique, since there may be more than one

action in A{(4) for some state i € S.

Theorem 6 For any given d € Dy, let h be defined as in (33). We have
(a) gh=gl=g;, ie, he Dy and
(b) gt > gt
(c) If gt = gi and h# d, then g§ = g5.

Proof. (a) By (32), h(i) € Fi(i) for all i € S. Thus, P,g§ = g;- Again by (32), we
have H,y(i, h(i)) > Hgq(i,d(i)) for all i € S. Thus, by the bias difference formulas in
Lemma 2 (a), we have g > g¢. Since g¢ = gi, We must have gl = gd = g;.

(b) By the construction in (32) and (33), the conditions (a), (b) and (c) in Theorem
2 hold. It follows from Theorem 2 that g > g¢{.

(c) Since g = ¢¢, we obtain rj, + Pn,g? = rq + Psgl (by Poisson equation (12)
and gt = g¢ = g;). Then, by (32), (33) and h # d, Pygd = Pug¢ holds. Therefore,
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the first term on the right-hand side of the 1st bias difference formulas in Lemma
2 (b) is zero, and we have g — g¢ = (P,)*(P, — Py)g3 = 0. By Lemma 1, we have
(Phgd) (i) = (Pagd)(4) for all recurrent states i under policy h. From (32) and (33),

h(i) = d(i), for all recurrent states ¢ under policy h. (34)

By (34) and the structure of (P,)*, we get (P,)*(P, — Py) = 0. Then by (27) in
Lemma 2 (c) gh — g4 = 3% o(P)*(Ph — Pa)gd > (P, — Pa)gd = 0. O

The (1st) Bias Optimality Policy Iteration Algorithm then follows directly.
1. Select an arbitrary average performance optimal policy dy € Dy, and set k = 0.
2. (Policy evaluation) Obtain g™ and ¢4 by solving
Ta, — 9o + (Pa, = Dg1 = 0,
g+ (Py,—1Dgo = 0
subject to (Py,)*g2 = 0.

3. (Policy improvement) Set dj. as policy d and obtain policy dj41 as policy h in
(32) and (33), setting dy41(7) = di (i) if possible.

4. If dyy1 = di, stop and set d* = dj, and ¢} = gf’“, otherwise increase k by 1 and

return to step 2.

The following convergence theorem follows from Theorem 6 immediately.

Theorem 7 The (1st) Bias Optimality Policy Iteration Algorithm stops at a bias

optimal policy in a finite number of iterations.

Proof. The proof is essentially the same as that for Theorem 5. By Theorem 6 (a),
all di, k =0,1,..., produced by the algorithm are average performance optimal. By
Theorem 6 (b), we have gf’““ > gk, That is, as k increases, the bias g{* either
increases or stays the same. Furthermore, by Theorem 6 (c), when gf’“ stays the

same, gg’“ increases. Thus, any two policies in the sequence of di, k = 0,1,.. ., either
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have different g; or have different go. That is, every policy in the iteration sequence
is different. Since the number of policies is finite, the iteration must stop after a finite
number of iterations. Suppose that it stops at a policy denoted as d*. We will prove
that d* is bias optimal. First, by Theorem 6 (a), d* is average performance optimal.
Next, for any d € Dy, we have shown that d € F;. By construction from (32), we

have
(i) rg+ Pigd <rg + Ppg?, and

(ii) (Pags )(i) < (Pa-g3 )(i), when rq(i) + (Pagi ) (i) = ra-(i) + (Pa=g{ ) (i) for some
1€ S.

Then by the “In addition” part of Theorem 2, we get g¢ < ¢g¢ for all d € Dy. Thus,
policy d* is bias optimal. O
The existence of the bias optimal policy can be proved by construction with policy
iteration as sown in Theorem 7. In real implementation, we usually choose the action
with the largest value of Hy(i,a) or Y jcspa(i,5)g5(j) in (32).
Now we extend the results to the nth biases, n > 2. As indicated by (21), maxi-
mizing g, means receiving the reward as early as possible, measured by a weighting

factor (k + 1). Denote

Fy(i) = {a € Fa(0) : (i) + 2 pali, )91(4) = 65(1) + 91 (D)},
and F, (i) recursively for n > 2
Fopa(i) == {a € F(i) : Z:pa(i,j)gi(j) = Gn-1(0) + 9,(0)}- (35)

Denote F,, = @M F,(i) for n > 1. Then we have the following lemma.
Lemma 3 F,.oCD,CF,,, n>0.

Proof. Firstly, we will prove D,, C F, .1, n > 0. For n = 0, we have already proved
Dy C Fi.
Forn = 1,let h € D, be a bias optimal policy. We have gl = g and g} = g}. Since

h is also average performance optimal, we have h € Fy. From (12), r,+ Prg} = g5+97.
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Together with h € Fi, we have h € F5. Thus, D; C F5. Next, suppose Dy C Fjyyq,
for a particular £ > 1. Let h € Dy.1 be a (k + 1)th-bias optimal policy. We have
gl = g;, where [ = 0,1,...,k+ 1. Since h is also kth-bias optimal, we have h € Fj,
from assumption. From (18), Ph,g;,, = gi + giy1- Together with h € Fjiq, we have
h € Fgio by (35). Thus D1 C Fyie. Therefore D, C F,4y for all n > 0 by
induction.

Secondly, we will prove F, 1o C D,,, n > 0. For n =0, h € F», we have P,g; = ¢;
and 7, + Prg} = g5 +9g;. Pre-multiplying both sides of this equation by (P})*, we have
g5 = (Py)*r, = g& noting (P,)*gi = g;. Obviously, policy h is average performance
optimal, i.e., h € Dy. Thus, Fy C Dy.

For n = 1, h € F3. By (35) we have Pn,g} = g5, rn + Pogi = g5 + g7 and
P,g5 = gi + ¢5. Since h € Fy, we have h € Dy. Pre-multiplying both sides of
Phgs = g1 +93 by (Pr)*, we have (P,)*g; = 0. Combining this with r,+ P.g} = g5+ 9}
and (7), we get gf = [I — By, + (P,)*]"Y(rn, — g3) = gt. Obviously, policy h is bias
optimal, i.e., h € D;. Thus, F5 C D;.

Next, suppose Fyio C Dy, for a particular £ > 1. For any h € Fj.3, by (35)
we have h € Fji9 and Phgi,.o = gjiq + gjio- From the assumption, h € Dj. Pre-
multiplying both sides of P,g}, o = g1+ 5.9 by (Pn)*, we have (P,)*gf,, = 0. Com-
bining this with P,gj,, = g; + g5, and (17), we get gi,, = —[[ — Pp + (P,)*] " lg; =
gr.i. Obviously, policy h is the (k + 1)th-bias optimal, i.e., h € Djyy. Thus
Fii3 C Dyyq. Therefore F,, .o C D, for all n > 0 by induction. O

Just as for the case of the bias, given an (n — 1)th-bias optimal policy, n > 2, it is
difficult to specify the set of all the (n — 1)th-bias optimal policies, D,,_;. Thus, by
Lemma 3, we may search in F}, for an nth-bias optimal policy.

Next, we devise a policy iteration algorithm for the nth-bias optimality by follow-
ing the same procedure as for the average performance and the (1st) bias optimality
problems. By Theorem 3, from any (n — 1)th-bias optimal policy we can construct
another (n — 1)th-bias optimal policy which has a larger nth bias, if such a policy
exists.

For a given (n — 1)th-bias optimal policy d € D,,_; with the kth bias g¢, k =
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0,1,...,n+ 1, n > 2, we first define

Al(i) == {a € F,(i) :
Yies Palty 1)92(7) > Yjes Paciy (i, 7)9%(4); or
Zjespa(i,j)gg+1(j) > Zjespd(i) (iaj)ggﬂ(j) , 1€5. (36)
when ZjeSpa(i>j)gg(j) = Zjespd(i)(iyj)gg(j))

We then define an improvement policy h (depending on d) as follows:
h(i) € AL(i) if A%(3) #0, and h(i) = d(i) if A%(i) = 0. (37)

Such a policy may not be unique, since there may be more than one action in A< (4)
for some state i € S.
We omit the proofs of the following Theorems 8 and 9 since they are similar to

the respective proofs of the n =1 case.

Theorem 8 For any given (n — 1)th-bias optimal policy d € D,,_1, n > 2, let h be
defined as in (37). We have

(a) gn_y =gy =gn_y, i€, h €Dy, and

(b) gr = g

(c) If gn = gn and h # d, then gi\y = g,y

The nth-Bias Optimality Policy Iteration Algorithm is then as follows:

1. Set k = 0 and select an arbitrary (n—1)th-bias optimal policy dy € D,,_1, which
may be obtained from the (n — 1)th-bias optimality policy iteration algorithm.

2. (Policy evaluation) Obtain g% and g% , by solving
_g;:—l + (Pdk - I)gn = 07
—gn+ (Pyy = gnt1 = 0
subject to (Py,)*gn+1 = 0.

3. (Policy improvement) Set dj as policy d and obtain policy dy41 as policy h in
(36) and (37), setting dy1(2) = di(i), i € S, if possible.
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4. If dyyq = di, stop and set d* = dj, and g = g%; otherwise increase k by 1 and

return to step 2.

Theorem 9 The nth-Bias Optimality Policy Iteration Algorithm stops at an nth-bias

optimal policy in a finite number of iterations.

The existence of the nth-bias optimal policy can also by proved with Theorem 9 by
construction.

As shown above, the nth-bias optimality policy iteration procedure for an nth-bias
optimal policy consists of n steps. Each step is based on two biases g; and g;,1, and
reaches an optimal [th bias, [ = 0,1,...,n. In addition to this procedure, we can also
develop an algorithm which works roughly as follows: at each iteration k, we choose
an action that maximizes (myopically) all the expected Ith biases 3 ;cq pa(7, ) gld’“ (7),
[=2,...,n,and 7(i,a) + Y cs pa(i, )¢ (§) for I = 1. Generally, this algorithm may
take fewer policies to reach an nth-bias optimal policy. We will leave the details to
the readers.

At this point, the theory for the nth-bias optimization is almost complete. In the
next section, we will derive the optimality equations that the nth-bias optimal policies
must satisfy. Unlike for ergodic systems, for multi-chain MDPs we cannot find a set
of equations that are both necessary and sufficient. In fact, in our formulation these
optimality equations are not the central piece of the theory; they provide additional

information but are not essential.

5 Bias Optimality Equations
We need two lemmas, one for n = 1 and the other for n # 1.

Lemma 4 For any d € D,,_1, where n # 1,
(a) if Pagyy = g5y + g5, then g < g, where g, := 0.
(b) If d is nth-bias optimal, then Pyg) = g 1 + g..
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Proof. First, we prove the lemma for n = 0 with D_; = D. For part (a), by (5)
we have g¢ = Pygd < Pagi = g;. For part (b), since policy d is average performance
optimal, we have gd = g;. Thus, from (5) we obtain Pug§ = g5 .

Next, we prove the lemma for n > 1. Since d € D,_;, we have g¢ = g; for all
0 <k <n-—1 By (18) we have g¢ = —g?_, + Pyg? < —g¢_, + Psg;. Then the
condition in (a) leads to g¢ < —g?_, + g5, + g; = g;. For part (b), since policy
d is nth-bias optimal, we have g¢ | = g% , and g? = g*. Thus, from (18) we have

Pagy = gn_1 + gn- O

Lemma 5 For any d € Dy,
(a) if ra+ Pagi = g5 + g1, then gf = gi.

(b) If d is bias optimal, then rq+ Pag = g4 + 97

Proof. For part (a), since d € Dy, we have gd = g5. By (12) and the condition of
part (a), we have gf = rq + Pag{ — g6 < ra+ Pagi — 95 = g5 + 91 — 96 = g1 Next we
prove (b). Since policy d is bias optimal, we have g¢ = g; and g = g;. Thus, from
(12) we obtain that 4 + Pygi = 9§ + g7 O

From Lemmas 4 and 5, we conclude that the nth-bias optimal policy must belong
to theset of {d:d € D,y and Pyg: =g ,+g¢g'} forn>1and {d:d € Dy and rq+
Pigi = g5 + g7} for n = 1.

With Theorems 1-3 and Lemmas 4-5, we are ready to derive the bias optimality
equations. Let go,g1,...,9nr1 be a set of M-dimensional vectors. The following

equations are called the bias optimality equations.

go(i) = max {Zpa i,7)90(J } (38)

aeEo jES

90(7) + g1(7) = max {T(i,a)Jera(i,j)gl(j)}, (39)

a€E1(g0)(i) =

gk(z) + gk+1<i) = max . {ZpCL(ivj)ngrl(j)} ) k= 1727 ceey T (4())

a€Br1(90.91,-96) (1) | G5

where Ey(i) := A;,

Ei(g0)(7) := arg max {Zpa (4,7)90(J }

aEE()

23



Ea(g0, 91)(7) := arg max {T(iaaHzpa(i,j)glU)},

acE1(go)(4) jes

and

Ek‘—i—l(gOa-”’gk)(i) = arg max {Zpa@’])gk(])} ) k:2""7n'

a€E(g0,--gr—1)(%) jes

For k£ > 1, we set

Ei(go,. -, g6-1) == @M Enlgo, - - -, gu_1)(3).

We denote d € Ei(go, - .., grk—1) if (d(1),d(2),...,d(M)) € Ex(g0,---,9k—1). We have
D = ®iesi = Ep.
The bias optimality equations (38) - (40) take the vector form as follows.

90 = gé%)g{PdQO}7 (41)
9o+ g1 = max {rq+ Pgi}, (42)
deE1(go)
gk + Grr1 = max {Pagr+1}, k=1,...,n. (43)
d€E)1+1(90,91,--.9k)

If go,91,...,9gr satisfy the first (k + 1) bias optimality equations, then the set
Ex+1(90, 91, - - -, gr) contains all the policies d such that the following equations hold:
90 = FPago, 9o + g1 = ra + Pagr, and gx—1 + g = FPygy. That is

Ek+1(907 g1, .- 79k)

= {d€D:go="Pigo, go+ g =ra+ Pagi, g1+ g = Pagi, 1 =2,... k}.
In particular, by (35) we have

F, :En<987-~->g:jﬁl)- (44>

It was well known that any average performance (Oth-bias) optimal policy satisfies
the first bias optimality equation (38) but may not satisfy the second bias optimality
equation (39). On the other hand, if a policy satisfies both (38) and (39), then it
must be average performance (Oth-bias) optimal. These results can be extended to

the nth-bias optimality with n > 1.
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Theorem 10 g,k = 0,1,...,n, satisfy the first (n + 1) bias optimality equations,

n > 0.

Proof: From Section 4, we have proved that there exists an nth-bias optimal policy,
and we denote it as d;, for n > 0.

We first consider the case n = 0. Let d§ be an average performance optimal
policy with average performance g§ and bias gfg. From (5), Ps:g5 = g5- We need to
prove that gf satisfies the first bias optimality equation (41), i.e., Pyg} < g; for all
d € D. Assume that this does not hold; that is, there exists a policy A and some
state i € S such that (P,gg)(i) > g¢¢(i). Based on this, we can construct another
policy d by setting d(j) = di(j) for all j € S — {i} and d(i) = h(i). Consequently,
r3(j) = ras(j) for j € S — {i} and r4(i) = r4(i). Then we have (P;g5)(i) > g5(i) and
(P395)(5) = g5(j) for j € § —{i}. Thus,

Pigs = g5 (45)

Therefore, (P;)'g; = g; for all [ > 1, so (Py)*gs > g5 follows. Because (P;)*(Pyg5 —
g5) = 0, by Lemma 1 we have (P;g5)(k) = g4 (k) for all recurrent states & under policy
d. Then the particular state ¢+ must be transient under policy d. By the construction
of d, we have (Py)*[rg —ra; + (P; — Pdg)gfs] = 0. (The only nonzero component of
the vector in bracket is at state ¢ which is a transient state.) Finally, by the bias

difference formulas in Lemma 2 (a), we have

g6 — g6 = [(Py)* — I]gs > 0.

If gg = g5, then Pyg5 = P(zgg = gg = ¢g. This conflicts with (45). Thus, we have
gg >~ g5- This is impossible because g is the optimal average performance. Therefore,
the theorem holds for n = 0.

The case n > 0 can be proved in the same way by constructing counter examples,

and we put it in Appendix A. O

Theorem 11 [f the M -dimensional vectors go, g1, - - -, Gn, Gni1 Satisfy the first (n+2)
bias optimality equations, then g s the optimal kth bias, k =0,1,...,n.
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Proof: First, we prove the case n = 0. That is, if two vectors gg and ¢; satisfy
the first two bias optimality equations (41) and (42) (equivalently (38) and (39)),
then gy is the optimal average performance. Denote by df the policy that reaches
the maximum in both (41) and (42). From (41), we have (Py:)*go = go. From (42),
we have rg: + Pgsg1 = go + g1. Pre-multiplying its both sides by (P )*, we get
933 = (Paz)*ra; = (Paz)*90 = go- Thus, go is the average performance of dj. Since g
only satisfies the Poisson equation rg: + Py:g1 = go + g1, g1 is the potential of policy
dg.
We prove that for any d € D, gy > g¢. From (41) and (42), we have

(i) for all d € D, Pygo < go, and
(i1) 7r4(i) + (Pag1)(1) < go(i) + g1(7) when (Pyg0)(i) = go(i) for some i € S.

Then by Theorem 1 for the "<” case, we know gd < go. Thus, go is the optimal
average performance and djj is average performance optimal.

The proof for the case n > 0 are similar, and we put it in Appendix B. ]

Theorem 10 and Theorem 11 provide a necessary and a sufficient condition, re-
spectively, for the nth-bias optimal policies. Because the nth-bias optimal policy
exists, the solution to the first (n 4 2) bias optimality equations also exists. From
Theorem 11, if (go, g1, ..., gns1) is one of the solutions of the first (n 4 2) bias opti-
mality equations, then gg, g1, . .., g, are unique (the optimal values). But g, is only
the (n + 1)th potential of a nth-bias optimal policy, therefore it may not be uniquely
determined by these equations.

From the definition, D 2 Dy D Dy 2 --- 2 D,y 2 D, DO ---. That is, as n
increases, the set D,, shrinks. Veinott [19] proved that if a policy is (M —m+1)th bias
optimal, where M is the number of states and m the number of recurrent classes, then
it is nth bias optimal for all n > 0. That is, Dy/_yps1 = Dypomye = -+ =Dy, = -+,
foralln > M —m + 1.

26



6 Discussions

We first review some related results in [2, 15, 16, 18, 19]. A policy d* € D is said to

be n-discount optimal for some integer n > —1 if
lir)\nTilnf(l A" — 0] >0, forallwe D,

where v{(s) = B33 o[Ner (X4, d(X3))| Xo = s]. In a Markov decision process with

transition matrix Py and reward ry, v§ can be expanded in the Laurent series,

ye
vy = (14 p) 7+yO+ZP il
where p = % and yi, k = —1,0,..., denote the coefficients of the Laurent series

expansion. And y, k = —1,0, ... satisfy the following equations.

(I_Pd>y*1 = 0,
Y1+ =Py = ra,

Yn1t+ (I =Py, = 0,n=1,2,....
These equations correspond to (5) and Poisson equations (12) and (18), respectively,
and we can prove that gf , = yg, for k > —1.

An n-discount optimal policy maximizes the first nth derivative of v{ with respect
to p. Therefore, an nth-bias optimal policy is an (n — 1)-discount optimal policy, and
vise versa.

Historically, Veinott published his pioneering work in as early as 1969 [18] on
the n-discount optimality, which laid the foundation for the n-discount optimality
theory. Later in his award winning book [16], Puterman refined the method on the
n-discount optimality. He derived the n-discount optimality equations and provides
a policy iteration algorithm for the n-discount optimal policies.

We now briefly state Puterman’s algorithm. To simplify presentation, for d € D

we define

rq, n =0;
0, n=-1,1,2,3,....
The N -discount Optimality Policy Iteration Algorithm in [16] is
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1. Set n=—-1,D_1=D,y*, =0, k=0, and select a dy € D.
2. (Policy evaluation) Obtain y* and y¥,, by solving
rg. = Yn1+ (Pay — Dy = 0,
7’3:1 ~Yn+ (Pgy = DYynyr = 0
subject to (P, )*Yn+1 = 0.
3. (Policy improvement)
(a) (n-improvement) Choose
di1 € argmasc{ri + Pay},
setting dyy1(s) = dg(s) if possible. If dyy1 = di go to (b); otherwise

increase k by 1 and return to step 2.

(b) ((n + 1)-improvement) Choose
di1 € argmax{ri"! + Payp, },

setting dyy1(s) = di(s) if possible. If dy1 = di, go to step 4; otherwise

increase k by 1 and return to step 2.

4. Set

— n+1 k
Dyyy = arg Cfllel%x{”’d + Payni }-

If D,,,1 contains a single decision rule or n = N, stop. Otherwise, set y* = y*,

increase n by 1, set k =0, dy = dy and return to step 2.

Puterman’s algorithm iterates between two phases in step 3(a) and 3(b). With
3(a), y, improves, and the algorithm keeps implementing 3(a) until no improvement
can be achieved then shifts to 3(b) to improve 1.

Compared with the n-discount optimality theory, our approach is completely in-

dependent of the discounted MDP formulation. It does not depend on Laurent series
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expansion. The approach is based on the performance difference formula. It is sim-
pler, more direct, and more intuitive. The n-discount optimality is equivalent to the
(n + 1)th bias optimality defined in this paper. However, because of its complicated
theory, it does not gain its deserved popularity. We wish our simpler approach may
help to popularize these results. Next, based on the performance difference formu-
las, we derived policy iteration algorithms that are generally more efficient than the
two-phase algorithms in the literature. Finally, our approach fits the recently es-
tablished framework of sensitivity-based optimization; the new sensitivity-based view
may lead to new research directions, such the bias derivatives, on-line optimization,

and potential aggregations.

7 Conclusion

With the nth-bias difference formulas, we have developed an optimization theory for
MDPs that covers a complete spectrum from average performance optimality, bias
optimality, to higher-order bias optimality. This approach is intuitively clear. Policy
iteration algorithms can be easily developed with this approach.

The new approach fits the recently developed sensitivity-based learning and op-
timization framework for discrete even dynamic systems [3, 4, 6] and provides some
new insights. For example, we first derive the performance difference formulas for
problems that do not fit the standard MDP framework and develop policy itera-
tion algorithms, see [7] for some examples. Also, sample-path-based estimation algo-
rithms, or reinforcement learning type of algorithms for nth biases can be developed
with (20) without knowing the state transition probability matrix P, [14]. With such
algorithms on-line optimization methods can be developed. In addition, if a policy
space contains continuous parameters, the derivatives of the nth biases with respect
to the parameters can be easily derived. These derivative formulas are similar to the
difference formulas (see [3, 4, 5]). Then the gradient-based optimization approaches
can be developed. Finally, with the sensitivity-based point of view, potential aggre-

gation can be implemented to save computation by utilizing the special feature of a
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particular problem, see [6].
Further research also includes to extend the results to continuous-time MDPs and

MDPs with countable state spaces, and/or compact action sets.
Appendix A

The Proof of Theorem 10 for the Case n > 0.

(a) We prove the case n = 1. Let dj be a bias optimal policy with average
performance g and (1st) bias gf. We have shown that g¢j satisfies the first bias
optimality equation (41) and need to prove that g3 and ¢} satisfy the second bias
optimality equation (42). By Poisson equation (12), we have g5 + g7 = rq: + P9}

Now we need to prove
rq+ Pagy < g5+ g1 for all d € D satisfying Pyg5 = gg- (46)

Assume that (46) does not hold. Then there exists a policy h and some state i € S
such that (P,gg) (i) = ¢5(i) and

(i) + (Pagi) (@) > go(2) + 91(2).

Based on this, we can construct another policy d by setting a?(]) = dj(j) for all
j e S —{i} and d(i) = h(i). Consequently, rj(j) = rqr(j) for all j € S — {i} and
ri(i) = rp(i). Therefore, by construction we have P = g5, 73(j) + (Pig7)(J) =
ra; (7) + (Payg7)(j) for all j € S —{i} and ry(i) + (Pg7) (i) > ra; (i) + (Fa; 97)(¢). From
Theorem 1, we have gg > g5- Because g is the optimal average performance, so we
must have gg = g5 Next, by Theorem 4, we must have gf > gi. This conflicts to the
fact that g7 is the optimal bias. Thus the theorem holds for n = 1.

(b) Now we prove the general case n > 1 by induction. That is, if g,..., gi
of a kth-bias optimal policy satisfy the first (k + 1) bias optimality equations, then
95, 9ps1 of a (k+1)th-bias optimal policy (denoted as dj ) must satisfy the first
(k + 2) bias optimality equations, k£ > 1. By assumption, we only need to check the
(k + 2)th bias optimality equation. In other words, we need to prove that

PngJrl < glt + gltJrl? for all d € Ek+1<gS, gia SR 792) (47>
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Suppose that (47) does not hold. Then there must exist an h € Ex1(95, 95, - -, 95)
and some state i € S such that (Png;)(i) = gi_, (i) + g5 (é) = (P, 93) (i) for k > 1,
r(i) + (Pugi) (1) = rg= (i) + (szﬂg,’;)(i) for k=1, and

(Brgi1) (@) > gi(i) + giyr (1) = (Pay, gk 10) (4)-

Again, we can construct another policy d by setting d(j) = di,1(j) for all j € S—{i}
and d(i) = h(i). Consequently, rq(j) = raz,, (j) for all j € S —{i} and ry(i) = ru ().
Because h € Ey1(95,---,95) C Ex(9s, .-, 95_1) = Fr (cf. (44)), by construction, the
policy d can be viewed as constructed from d +1 by (36) and (37) for £ > 1 and by
(32) and (33) for k = 1. Therefore, gf > g; follows from Theorem 8 (b) for k > 1
and from Theorem 6 (b) for k = 1. Because dj_, is (k + 1)th-bias optimal, we have
g,‘g = g;. Then from Theorem 8 (c) for £ > 1 and Theorem 6 (c) for k = 1, we have
g,‘f +1 = iy This is impossible because gj,, is the optimal (k 4 1)th bias. Thus
95, - - gpyq satisfy the first (k +2) bias optimality equations. We complete the proof

of the theorem. O
Appendix B

The Proof of Theorem 11 for the Case n > 0.

(a) We prove the case n = 1. That is, if three vectors go, g1 and gy satisfy
the first three bias optimality equations, then ¢y is the optimal average performance
and ¢; is the optimal 1st bias. Denote by dj the policy that reaches the maximum
in the first three equations. We have shown that g, is the average performance of
di. Pre-multiplying both sides of Py:g2 = g1 + g2 by (Pa:)* we get Pyg1 = 0. By
ra; + Parg1 = go + g1, we have g = [l — Pa: + (Pd{)*]_l(rd’l‘ — o) = 9(11?- That is, g
is the 1st bias of dj. Since g, only satisfies the Poisson equation Py:g2 = g1 + g2, 92
is the 2nd potential of policy dj.

Since we have proved that gy = g, now we just need to prove g; = g;. For any
d € Dy, we know that d € F. By the second and the third bias optimality equations,

we have
) d* d*
(i) ra+ Fagi' <7ra; + Py = go+ g1, and
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(ii) (Pdg;q)(i) < 91(7) + g2(i) when r4(i) + (Pdgft)(i) = go(7) + ¢1(7) for some i € S.

By the “In addition” part of Theorem 2, we have ¢¢ < g, for all d € Dy. Thus, g, is
the optimal (1st) bias and dj is (1st) bias optimal.

(b) Now we prove the general case n > 1 by induction. Assume that the theorem
holds for the case of (n — 1) (we have proved the case n — 1 = 1). That is, if the
vectors go, ..., gn satisfy the first (n + 1) bias optimality equations, then g is the
optimal kth bias, k =0,1,...,n—1. We wish to prove that the theorem holds for the
case of n. That is, if the vectors go, ..., gnt1 satisfy the first (n + 2) bias optimality
equations, then gp = g5, 0 < k < n. Again, we denote by d; the policy that reaches
the maximum in the first (n + 2) bias optimality equations. Then by the assumption
of induction, we have proved that go,...,g,—1 are the Oth to the (n — 1)th biases of
d, respectively. For g,, by the (n + 1)th and (n + 2)th bias optimality equations we
have g, = —[I — Py + (Ps:)*] 'gn—1 = gi. That is, g, is the nth bias of d. Since
gn+1 only satisfies the Poisson equation Py gni1 = gn + gnt1, Gns1 s the (n 4 1)th
potential of policy d.

Again, from the assumption, we know gr = g;, 0 < k <n — 1. Now we just need
to prove that g, = g:. For any d € D,,_;, we know that d € F,,. By the (n+ 1)th

and the (n + 2)th bias optimality equations, we have
(i) Pugpm < Pazgir = gn-1+ gn, and
(i) (Pag.1)(5) < gu(0) + guer (3) when (Pagi) (i) = gu_1(i) + ga(i) for some i € S.

By the “In addition” part of Theorem 3, we have g¢ < g, for all d € D,,_;. Thus, g,
is the optimal nth bias and d is nth-bias optimal.
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