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Abstract

It is well known that stochastic control systems can be viewed as Markov decision processes (MDPs) with continuous state spaces. In this
paper, we propose to apply the policy iteration approach in MDPs to the optimal control problem of stochastic systems. We first provide an
optimality equation based on performance potentials and develop a policy iteration procedure. Then we apply policy iteration to the jump
linear quadratic problem and obtain the coupled Riccati equations for their optimal solutions. The approach is applicable to linear as well as
nonlinear systems and can be implemented on-line on real world systems without identifying all the system structure and parameters.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Optimal control of stochastic dynamic systems is a difficult
problem. Because exact solutions can only be obtained under
some rather strict restrictions on system structures, numerical
and approximate approaches have to be developed. Dynamic
programming (Bellman, 1957) is one of the commonly used ap-
proaches to the problem, which solves, analytically or numer-
ically, the well-known optimality equation called the Bellman
equation.

The research in this paper was motivated by the results in
two areas: optimal control of stochastic dynamic systems and
Markov decision processes (MDPs). It has been realized for
a long time that stochastic control systems can be viewed as
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Markov decision processes. For example, numerical algorithms
based on value iterations (Kushner & Paul, 1992; Puterman,
1994; Tsitsiklis & Van Roy, 1996) are developed for solving
the Bellman equation (Kushner, 1977). Hernandez-Lerma and
Lasserre (1996) deal with general state MDPs and provide con-
ditions for existence of stationary optimal policies. However,
with value iteration and dynamic programming, the transition
probabilities, or equivalently the system structure and parame-
ters, have to be known. When the system structure and/or pa-
rameters are unknown, identification methods have to be used,
and this further complicates the problem. Therefore, numerical
methods and learning based approaches have to be developed.

In this paper, we consider average cost Markov decision
problems. We propose a policy iteration based approach for the
optimal control problem. At each iteration, we analyze the sys-
tem’s behavior under one policy and find another policy under
which the system performs better. The main concept of this ap-
proach is the performance potential (Cao, 2000, 2003) (or the
bias Puterman, 1994, or relative cost Bertsekas, 1995). When
the system structure and parameters are known, the potentials
can be obtained by solving the Poisson equation; otherwise,
they can be estimated from a sample path (Cao & Wan, 1998).
Compared with value iteration and dynamic programming, the
policy iteration based approach can be implemented on-line
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without knowing all the system parameters, and learning based
implementation algorithms can be developed. The approach
treats nonlinear systems in the same way as the linear systems.

In Section 2, we describe how an (nonlinear) optimal control
problem can be modelled as a Markov decision problem. In
Section 3, we develop the policy iteration theory for MDPs
with continuous state spaces. In Section 4, we apply the policy
iteration approach to the jump linear quadratic (JLQ) problem.
We obtain the closed form of the potentials for the problem
and show that the optimal solution can be obtained via the
coupled Riccati equations. Section 5 concludes the paper with
a discussion.

The contributions of the paper is to define the performance
potential for continuous state space, and propose the policy
iteration approach to solve the optimal control problems and
apply it to the JLQ problem. The policy iteration based approach
can be implemented on-line and learning algorithms can be
developed.

2. Control systems modelled as MDPs

Consider a stochastic control system of the form

Xl+1 = H(Xl, ul) + �l , l = 0, 1, . . . , (1)

where l = 0, 1, . . . , denotes the discrete time, Xl ∈ Rn, R =
(−∞, +∞), is an n-dimensional vector representing the system
state at time l, �l ∈ Rn is the random noise at time l, and ul ∈ U

is an m-dimensional vector representing the control applied to
the system at time l, with U being a specified control constraint
set of Rm. We assume that �l , l = 0, 1, . . . , is a sequence of
independent and identically distributed (i.i.d.) random variables
with a distribution density function p�(y), y ∈ Rn whose mean
is zero and variance is finite.

A feedback control law is an m-dimensional function of the
state denoted as ul(Xl). If it is independent of l, the control law
is called stationary and is denoted as u(x). In optimal control,
we consider only the control laws that make the system stable.

Suppose that at time l, Xl = x. Then we have Xl+1 =
H(x, u(x)) + �l . Thus, Xl+1 − H(x, u(x)) has a distribution
function p�(y). Therefore, the transition at time l from state
Xl = x to Xl+1 ∈ [y, y + dy) has the following transition
probability function:

P u(dy|x) = p�[y − H(x, u(x))] dy.

The superscript u indicates the dependency on the control vari-
able. Clearly, u(x) plays the same role as the actions do in
MDPs, and the control function u is the same as a policy. The
performance measure to be minimized is defined as

�u(x) = lim
L→∞

1

L
E

{
L−1∑
l=0

f (Xl, ul)|X0 = x

}
, (2)

where f (x, u) is a cost function which is assumed to be a
measurable function. In fact, the limit in (2) may not exist
always. However, in many engineering problems, such limit

usually exists. Therefore, a stochastic control system (1) with
performance measure (2) can be modelled as an MDP prob-
lem with performance measure (2). The state spaces are usu-
ally continuous, and the relevant results will be discussed in
Section 3.

3. MDPs with continuous state spaces

As shown in Section 2, we need to extend the theory of pol-
icy iteration to continuous state spaces. The transition proba-
bility with a continuous state space is described by an operator
(integration) on the function space. We will present the main
ideas and will not go deep into the operator theory; especially,
we will not study the general conditions for the infinite dimen-
sional operators to be interchangeable in their orders. There are
standard theorems for such interchangeability (e.g., see Durrett,
1996, Section 1.3).

3.1. Transition probability functions and steady-state
probability

Consider a discrete-time Markov chain X := {X0, X1, . . .}
with a continuous state spaceS=Rn. LetB be the �-field ofRn

containing all the (Lebesgue) measurable sets. Given the current
state x ∈ Rn, the probability that the next state lies in a set B ∈
B can be denoted as a state transition function P(B|x) with
P(Rn|x)=∫

Rn P (dy|x)=1 for all x ∈ Rn. Without specifically
mentioning, we will assume that all sets and functions discussed
in this paper are (Lebesgue) measurable. Define a linear (right)
operator, P, corresponding to P(B|x) on the function space as
follows:

Ph(x) :=
∫

Rn

h(y)P (dy|x), (3)

where h(x) is any measurable function.
For any two operators P1 and P2, their product is defined as

(P1P2)(B|x) =
∫
Rn

P2(B|y)P1(dy|x), x ∈ S, B ∈ B. (4)

Define function e(x)=1 for all x ∈ Rn and an identity operator,
I: I (B|x) = 1 if x ∈ B; I (B|x) = 0 otherwise. Then Pe = e

for any transition function P, and (Ih)(x) = h(x), x ∈ Rn, for
any function h.

Suppose that Markov chain X is time-homogeneous. Then
the l-step transition probability functions, denoted as P l(B|x),
are defined as P 0(B|x) = I (B|x) and

P l(B|x) =
∫
Rn

P (dy|x)P l−1(B|y), l�1, (5)

and by (4) Pl also denotes the operator corresponding to the
l-step transition function P l(B|x), in particular, P0 := I.

A probability measure �(B) itself can be viewed as a special
state transition function �(B|x) which takes the same value
�(B) for all x ∈ Rn. Thus, any probability measure �(B) can
be viewed as an operator �.
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Let f (x) be a cost function. The long-run average perfor-
mance is defined as

�(x) = lim
L→∞

1

L
E

{
L−1∑
l=0

f (Xl)|X0 = x

}
. (6)

By (3), we have Pf (x) = ∫
Rn f (y)P (dy|x) = E[f (X1)|X0 =

x], and because P l(B|x), l = 1, 2, . . . , is the l-step transition
function and Pl is the operator corresponding to P l(B|x), we
have Plf (x) = ∫

Rn f (y)P l(dy|x) = E[f (Xl)|X0 = x]. Thus,
it is clear that

�(x) = lim
L→∞

1

L

{
L−1∑
l=0

(Plf )(x)

}
. (7)

The steady-state probability distribution of a transition function
P(B|x), B ∈ B and x ∈ Rn, is defined as a probability distri-
bution � satisfying �=�P. Normally, we hope that as l → ∞,
P l will converge to the transition function �. However, with a
continuous state space, there are many ways to define the con-
vergence of P l , l = 1, 2, ... . The convergence is related to the
topic of ergodicity. For the analysis in this paper, we only need
to assume that for the performance function f (x), we have

lim
l→∞(Plf )(x) = (�f )e(x), ∀x ∈ Rn. (8)

Therefore, from (7), we have

�(x) = lim
l→∞ Plf (x) = (�f )e(x), (9)

with �f = ∫
Rn f (x)�(dx).

With a slightly abused notation, we also use � := �f as a
constant. Thus, we have �(x) = �e(x).

3.2. Potentials and policy iteration

3.2.1. Performance potentials
Suppose that a Markov chain {Xl, l = 0, 1, . . .} with contin-

uous state space on Rn has a steady-state probability �. The
performance potential g is a function that satisfies the Poisson
equation

(I − P)g(x) + �(x) = f (x). (10)

Notice that if g is a solution to (10), so is g + ce with any
constant c. In fact, the performance potential is nothing but
the differential cost. We shall use the same notation for these
different versions of potentials with only a constant difference.

With a continuous state space, we have to be careful on ex-
changing the order of mathematical operations such as integra-
tion and limit. We define

gL :=
{

I +
L∑

l=1

(Pl − �)

}
f . (11)

Set g := limL→∞ gL, assuming the limit exists. We know
that PgL(x)=∫

Rn gL(y)P (dy|x). Therefore, if this integration
uniformly converges for all L, we can exchange the order of the
“lim” and the integration “

∫
” and obtain limL→∞ PgL = Pg.

All the property are related to the topic of ergodicity and we
will not go deep.

Lemma 1. For any transition function P and performance
function f (x), if

lim
l→∞(Plf ) = (�f )e,

lim
L→∞ gL = g and lim

L→∞ PgL = Pg (12)

hold for every x ∈ Rn, then

g =
{

I +
∞∑
l=1

(Pl − �)

}
f (13)

is a solution of (10).

This lemma can be established by directly verifying that g
in (13) satisfies (10). In addition, we can easily verify that

�g = �f = �. (14)

This is a normalizing condition of the potential g in (13). With
(14), the Poisson equation (10) becomes (I−P+�)g(x)=f (x).

3.2.2. Performance optimization
First, we modify the definition of the relations =, � , <,

and � for two functions in Rn. Given a probability measure
� on Rn, for two functions h(x) and h′(x), x ∈ Rn, we de-
fine h′=�h, h′ ��h, and h′<�h, respectively, if h′(x) = h(x),
h′(x)�h(x), and h′(x) < h(x), respectively, for all x ∈ Rn ex-
cept on a set E with �(E)=0. We further define h′(x)��h(x) if
h′(x)��h(x) and h′(x) < h(x) on a set E with �(E) > 0. Sim-
ilar definitions are used for the relations >�, ��, and ��. With
these definitions, we have the following results.

Let (P, f ) and (P ′, f ′) be the transition functions and
performance functions of two Markov chains with the same
state space S = Rn. Let �, g, � and �′, g′, and �′ be their
corresponding long-run average performances, performance
potential functions, and steady-state probability measures,
respectively. Then average performance difference formula is

�′ − � = �′[(f ′ + P′g) − (f + Pg)]. (15)

And the Comparison Lemma is

If f ′ + P′g��′f + Pg then �′ < �. (16)

To develop the optimality equation, we need to further restrict
the policy space. First, we use u to denote a policy. In general,
u(x), x ∈ Rn, represents an action that determines the transition
function P(B|x), B ∈ B. Thus, policy u determines the steady-
state probability measure.

Two policies u and u′ are said to have the same support if for
any set B in Rn, if �u(B) > 0 then �u′

(B) > 0 and vice versa.
If the Markov chain is irreducible for any policy then all the
policies have the same support. Now we assume that all the
policies in the policy space have the same support. So we can



1058 K.-J. Zhang et al. / Automatica 44 (2008) 1055–1061

drop the subscript �u in the relationship notations such as �
and �, etc. Then from (15) we have the optimality condition:

A policy û is optimal, if and only if

f û + Pûgû �f u + Pugû for all policies u. (17)

From condition (17), the optimality equation is

Pûgû + f û = min
u

{Pugû + f u}. (18)

This equation holds with probability one with respect to the
steady-state probability measure of any policy. We also assume
that the policy space is, in a sense, compact and has some sort
of continuity and hence the minimum can be reached.

With the Comparison Lemma (16), policy iteration algo-
rithms can be designed. Roughly speaking, we may start with
any policy u0. At the kth step with policy uk , k = 0, 1, . . . ,

we set

uk+1(x) = arg
{

min
u

[f u(x) + Puguk (x)]
}

, (19)

with guk being any solution to the Poisson equation (10) for
(P uk , f uk ). If at some x, uk(x) attains the minimum, we set
uk+1(x)=uk(x). The iteration stops if uk+1 and uk differ only
on a set with zero measure. In this case, �uk+1 =�uk . Comparison
Lemma (16) implies that performance improves at each step.
Optimality condition (17) shows that the minimum is reached
when performance can no longer be improved. If the policy
space is finite, the policy iteration will stop in a finite number of
steps. Otherwise, the iteration scheme may not stop at a finite
number of steps, although the sequence of the performance �uk

is decreasing. In practical applications, PI always performs well
with a fast convergence speed. In on-line algorithm, to evaluate
a policy, we estimate potentials by averaging samples along the
sample path. Thus computation of policy evaluation is O(n),
where n is the length of a sample path.

3.3. Comparison: dynamic programming and policy iteration

As we know, the standard approach to the control problem
(1) is based on dynamic programming. Thus its procedure goes
backward in time, and an optimal policy is obtained at each
iteration for a finite-step problem. The long-run average prob-
lem is treated as the limit of the finite-step problem when the
number of steps goes to infinity.

In contrast, with the policy iteration approach, at each iter-
ation we deal with a (stationary) policy (not necessary an op-
timal one) with an infinite horizon. First, we work forward in
time to obtain the performance potentials g(x), x ∈ Rn, of the
policy. Then we find a better policy. In this way we iterate in
the policy space to reach an optimal policy.

There is another difference between the two approaches. The
dynamic programming approach requires to know the transi-
tion probabilities for all actions. Because working backward is
somehow unrealistic in practice, it cannot be implemented on
a real system. On the other hand, policy iteration can be imple-
mented on-line, the potentials can be learned on a sample path,
and in many cases this approach does not require to know all
the transition probabilities.

4. JLQ problem

In this section, we derive the performance potentials for the
JLQ problem. We show that with the approach developed in
Section 3, we can directly obtain the optimal feedback and cou-
pled Riccati equation, which are usually obtained by dynamic
programming.

In a discrete time JLQ problem, we consider a two-
level stochastic control system. The system state at time l,
l = 0, 1, . . . , is denoted as (Ml, Xl), where Ml ∈ M :=
{1, 2, . . . , M} represents the mode (high level) that the system
is in, and Xl ∈ Rn denote the continuous part of the state (low
level). The system changes its mode as an ergodic Markov
chain with transition probabilities pjump(j |i), j, i ∈ M. When
the system is in mode Ml = i, l = 0, 1, . . . , the continuous part
Xl , evolves as

Xl+1 = AMl
Xl + BMl

ul + �Ml
�l , Ml = i ∈ M. (20)

The dimensions of Ai and Bi are n×n and n×m, respectively. �i

is n×n matrix, �l is an i.i.d. random variable with zero mean and
covariance I (identity matrix). �l is not necessary to be Gaussian
distributed. Denote the density function of �i� as p�i

(x). The
transitions among the modes and among the continuous states
are assumed to be independent. The performance criterion is

�u(i, x) = lim
L→∞

1

L
E

{
L−1∑
l=0

[XT
l QMl

Xl + uT
l VMl

ul]|

X0 = x, M0 = i

}
, (21)

where Qi is an n × n positive semi-definite matrix and Vi

is an m × m positive definite matrix for all i ∈ {1, . . . , M},
respectively. Our goal is to find a control law u = u(i, x) that
minimizes �u(i, x).

4.1. Transition operator

Denoting the transition function of JLQ problem as
P(j, B|i, x), we have

P(j, B|i, x) = pjump(j |i)Pi(B|x),

i, j ∈ M, x ∈ Rn, B ∈ B, (22)

where Pi(dy|x) = p�i
(y − [Aix + Biu(i, x)]) dy, which de-

pends on i. For any function h(i, x), the transition operator P
corresponding to P(j, B|i, x) is defined as

(Ph)(i, x) =
∑
j∈M

{
pjump(j |i)

∫
Rn

h(j, y)Pi(dy|x)

}
.

Pl denoted the operator corresponding to transition function
P l(j, B|i, x), and P0 =I , with I (j, B|i, x)=1 if i =j and x ∈
B; 0 otherwise. A probability measure on M × Rn is denoted
as �(i, B) which can be viewed as a special state transition
function �(i, B|j, x) with the same value �(i, B) for all j ∈ M
and x ∈ Rn.
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�, as a steady-state probability measure of P, satisfies �=�P.
Similar to (8), we assume that for the performance function
f (i, x), i ∈ M, x ∈ Rn

lim
l→∞ Plf = �f (23)

holds. For a stationary feedback control law u = u(i, x), from
(21) the cost function for the JLQ problem is

f (i, x) = xTQix + u(i, x)TViu(i, x). (24)

4.2. Performance potentials

The long-run average performance of the Markov chain with
transition function P(j, B|i, x) is

�(i, x) = lim
L→∞

1

L
E

{
L−1∑
l=0

f (Ml, Xl)|M0 = i, X0 = x

}
.

We have �(i, x)=limL→∞ (1/L)
∑L−1

l=0 (Plf )(i, x). From (23),
we have �(i, x)=liml→∞ (Plf )(i, x)=(�f )e(i, x). The perfor-
mance potential g satisfies the Poisson equation (I−P)g+�=f .

For zero-mean distributions, we have
∫
Rn p�i

(z) dz = 1 and∫
Rn zp�i

(z) dz=0. For any quadratic function h(i, x)=xTWix,
where Wi , i = 1, 2, . . . , M , are positive semi-definite matrices,
and a control law u(i, x), we have

(Puh)(i, x) =
∑
j∈M

{
pjump(j |i)

∫
Rn

h(j, y)P u
i (dy|x)

}

=
∑
j∈M

{
pjump(j |i)

∫
Rn

{z+[Aix+Biu(i, x)]}TWj

× {z+[Aix+Biu(i, x)]}p�i
(z) dz

}

= c̃(i)e(x) +
∑
j∈M

pjump(j |i)

× [Aix+Biu(i, x)]TWj [Aix+Biu(i, x)], (25)

where c̃(i) := ∑
j∈M pjump(j |i) ∫

Rn [zTWjz]p�i
(z) dz.

For a linear control u(i, x) = −Dix, the system equation
(20) becomes Xl+1 = CMl

Xl + �Ml
�l , where Ci = Ai − BiDi ,

i ∈ M. The cost function (24) becomes f (i, x) = xTWix with

Wi = Qi + DT
i ViDi, i ∈ M. (26)

Set Wi,0 := Wi . Then for this jump linear system, we have

(Pf )(i, x) = c1(i)e(i, x) + xTWi,1x, (27)

where⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Wi,1 = ∑
j∈M

pjump(j |i)(CT
i Wj,0Ci),

c1(i) := c1,0(i),

c1,0(i) := ∑
j∈M

pjump(j |i) ∫
Rn zTWj,0zp�i

(z) dz.

Next, we have

(P2f )(i, x) = c2(i)e(i, x) + xTWi,2x, (28)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Wi,2 = ∑
j∈M

pjump(j |i)(CT
i Wj,1Ci),

c2(i) := c2,0(i) + c1,1(i),

c0,1(i, j) := ∫
Rn zTWj,1zp�i

(z) dz,

c2,0(i) := ∑
j∈M

c1,0(j)pjump(j |i),

c1,1(i) := ∑
j∈M

c0,1(i, j)pjump(j |i).

Continuing this process, we have

(Plf )(i, x) = cl(i)e(i, x) + xTWi,lx, (29)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Wi,l = ∑
j∈M

pjump(j |i)(CT
i Wj,l−1Ci),

cl(i) := cl,0(i) + cl−1,1(i) + · · · + c1,l−1(i),

c0,n(i, j) := ∫
Rn [zTWj,nz]p�i

(z) dz,

c1,n(i) := ∑
j∈M

c0,n(i, j)pjump(j |i),

cm,n(i) := ∑
j∈M

cm−1,n(j)pjump(j |i), ∀n < l, 1 < m� l.

Under the stochastic stabilizability condition (Costa, Fragoso,
& Marques, 1995, 2005), we have Wi,l → 0 as l → ∞. There-
fore, from (29) and (23), we have cl(i) → �, for all i ∈ M.
Moreover, the sum Si := ∑∞

l=0 Wi,l exists and, moreover, with
gL(i, x) = [∑L

l=1 (cl(i) − �)]e(i, x), conditions in Lemma 1
hold. Therefore, we have

g(i, x) =
[ ∞∑

l=1

(cl(i) − �)

]
e(i, x) + xTSix. (30)

The first term depends on the first state component i and there-
fore is not a constant. In fact, xTSix corresponds to the poten-
tials of the states in the same mode, while

∑∞
l=1 (cl(i) − �)

reflects the difference of the potentials at the states in different
modes.

Let Fi := ∑
j∈M Sjpjump(j |i). We have

Si = CT
i FiCi + Wi, i ∈ M. (31)

4.3. Optimal policy

Before we apply optimality condition (17), we need to verify
that all policies have the same support. To see this, we first
assume that the noise distribution p�i

(B) has a support of the
whole space Rn; i.e., p�i

(B) > 0 for all i ∈ M and B with a
nonzero Lebesgue measure. This is common, e.g., the Gaussian
distribution has this property. Now, for any B with a nonzero
Lebesgue measure, we have �(i, B) = (�P)(i, B).

In the JLQ problem, since E(‖Xl‖) is bounded un-
der the stabilized control, by Chebyshev’s inequality, for
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any 1 > � > 0 there exists a constant M > 0 such that
lim inf l→∞ P l(., B̄|i, x)�1 − � for B̄ = {‖x‖�M}. For any
i, j ∈ M, x ∈ Rn we have P(j, B|i, x) = pjump(j |i) ∫

y∈B
p�i

(y − Cix) dy, where Ci depends on the control u. Because
p�i

(y −Cix) > 0, it can be obtained that P(j, B|i, x) > 0. This
lead to min(i,x)∈M×B̄ P (j, B|i, x) := � > 0 since B̄ is tight

and M is finite. Thus, we have P l+1(j, B|i, x)�P l(., B̄|i, x)

mink∈MP(j, B|k, B̄)�(1 − �)mink∈M
∫
B̄

P (j, B|k, x) dx�
(1− �)�M > 0. This imply that �(i, B) > 0. That is, all policies
have the same support of Rn. Of course, the condition that
p�i

(x) > 0 for any x ∈ Rn is not a necessary condition.
We may apply the optimality equation (18) to determine an

optimal policy. We start with a linear policy u(i, x) = −Dix.
The performance potential is (30). From (25), for any other
policy u′(i, x), which may not be linear, we have

(Pu′
g)(i, x) + f u′

(i, x)

= c(i)e(x) + xT(AT
i FiAi + Qi)x

+ u′(i, x)T(BT
i FiBi + Vi)u

′(i, x)

+ xTAT
i FiBiu

′(i, x) + [xTAT
i FiBiu

′(i, x)]T

in which c(i) is some constant and c(i)e(i, x) + xT(AT
i FiAi +

Qi)x does not depend on u′. The improved policy is therefore

ũ(i, x) = arg min
u′ {(Pu′

g)(i, x) + f u′
(i, x)} = −D̃ix,

where D̃i = (BiFiBi + Vi)
−1BT

i FiAi .
Next, if D̃i =Di then the policy u(i, x)=−Dix satisfies the

optimality equation (18) and from (17) it is an optimal policy.
Denote it as û(i, x) = −D̂ix and the corresponding quantity as
Ŝi and F̂i , we have

D̂i = (BiF̂iBi + Vi)
−1BT

i F̂iAi . (32)

Substituting (32) into (31), we have⎧⎨
⎩

Ŝi = AT
i F̂iAi − AT

i F̂iBi(Vi + BT
i F̂iBi)

−1BT
i F̂iAi + Qi,

F̂i = ∑
j∈M

Ŝjpjump(j |i). (33)

This is the coupled Riccati equation.
We can easily understand the policy iteration procedure. At

the kth iteration step, we have u{k}(i, x) = −D
{k}
i x,

D
{k}
i = (BT

i S
{k−1}
i Bi + Vi)

−1BT
i F

{k−1}
i A,

and C
{k}
i = Ai − BiD

{k}
i , W

{k}
i = Qi + D

{k}
i

T
ViD

{k}
i . On the

other hand, we have

S
{k}
i = C

{k}
i

T
F

{k−1}
i C

{k}
i + W

{k}
i . (34)

We can obtain S
{k}
i from the above equation, then obtain next

linear feedback control D
{k+1}
i . When this iterative procedure

continues, the feedback coefficient D
{k}
i converges to (32),

which leads to the coupled Riccati equation (33). It should be
pointed out that the existence and uniqueness of solution to

coupled Riccati equation depend on conditions of stochastic
stabilizability and stochastic detectability. We do not discuss
them with details (see Costa et al., 1995, Lemma 1–3). The
above policy iteration procedure can be viewed as a numerical
approach for solving the coupled Riccati equation iteratively.
This numerical approach is stable and can reach the optimum
(Sutton & Batto, 1998).

To our best knowledge, former research (Costa et al., 2005)
also obtained these results, as an extension of finite horizon
case. We deal with infinite horizon case directly with our MDP
approach and get the same results. Furthermore, we propose
performance potentials in (30) for JLQ problem for the first
time.

The well-known Linear Quadratic problem is a special case
of the JLQ problem when there is only one mode. Its optimal
control and the corresponding Riccati equation can be derived
in a similar way.

5. Discussion and conclusion

In this paper, we apply the potential based policy iteration
approach to MDPs with continuous state spaces to solve optimal
control problems. We derive the potentials for JLQ problem
and show that the solution to this problem can be obtained via
coupled Riccati equations.

One of the main advantages of the policy iteration based
approach is that it can be implemented on-line and learning
based algorithms can be developed when the system structure
and parameters are unknown. In addition, this approach can
be applied to optimal control of nonlinear systems in the same
way as linear systems.

The implementation details of the learning based policy it-
eration approach to the control problems of nonlinear systems
will be discussed in a parallel paper.
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